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lr ig l l  sc l l (x) l  r t t ; t t l tc t t i r t t ics c lassl lx)nr. ' [ - l r lcc fc:r tur-cs o[ ' t l tc  t lcs igrr  o l ' t l re
at : t iv i t l  i r lc  corrs i r lc lccl  to l ravc l l lzr lcd iur l . ro l tarr t  ro lcs i r r  t l rc l i r r t l rcr '
c lcvclopnrcnt ol  strrc lcrr ts '  corrcr :ptual  i r r r t l  tcc l r r r ical  krroulcclqc () f  l : rct()r ' -
i t tg:  tccottc i l ing t l rc l i l r r r ts scrtct 'atccl  b1' t l rc ( lAS i r r  rc lat iot t  to t l tc  [ i r t ' t t ts
t l re l  l tad gcrrct ' i t tc t l  r l i t l r  p lpcr iu1( i  I )c l lc i l ,  r 'c l lcct ing ol l  t l lc  objccts t l ro,
I t i r t l  lccot tc i lc t l .  i t t tc l  pr lv i t rg t l rc r-c lat i< lns thcl  l r i r r l  gcn(: l 'u l izc(1.

THEORETICAL FRAMEWORK

Orrc ol  t l rc contt ' i l>r , r t iorrs of  t l rc I lcrrc l r  c l ic lact ic l t re rcsearr : l r  cournrtrni tv
(c.u. ,  Ar" t igtrc,  2()02; ( l r r in &' I r -otrchc,  1999; Laglangc, 2000) l r i ts  bccu thc
tr<l t iorr  that  bot l r  conccl) tual  and tcchni( :a l  kuorvlcr lgc can co-( lcvelol)
rr ' i th in l l rat l rc ln i r t ical  act i r i tv  inr 'o l l ing tcclrnologicar l  t txr ls,  urs l ( )ng as t l rc
tc: t : l r t r ical  i rs l )ccts oI  t l r : r t  act iv i ty arr  uot  ncglcctcd.  According to \ 'ér ' i l lon
:tncl l{abaxlcl (191)5), tools cxist as lxrtlr artif ircts (phy'sical olt jects) arrcl
ittstt-utncnts (1rsrclroloiJical cortstr-trctions). -fhcsc lcscalchcls suggcst th.rt,
\f l1cn studcnts ul)l)r '()l)r-iatc t(x)ls [<lr t lrenrsclvcs, allcl thc[cb1' trâtrsli) l ' t i l
a l - t i l : lc ts i t r to i t tstnrr t rc l r ts,  t l rcv arc l l ( ) t  s i rnPlv leurrr ing t<xr l - tcclrrr i t } rcs in
t'csl)()l l l ic t() gilcn tasks. l- lrcv iu'c actuallv dcvcloll irrg crrnccptually rvhilc
t l rcv i r lc  l rcr fcct i r rg t l rc i r  tcclrui r lucs rv i th thc tool .

L:tgt'arruc (2003) lrirs clcsclibccl rcscat'ch irr rvlriclr Ftcnclr tcuc:lrcrs ini-
t ia l l l ' r rsct l  Dcr i ic  ( l { )96) i r r  t l rc i t -  a lSlc l l ra c lassr '<xrr t rs r l i t l r  thc i r r tcrr t iorr
t l rat  t l tc  s ln l lx) l  utanipulat iou sof tu 'a lc u 'ould l iuhtcn t l rc tcchrr ic;r l  kr lc l ,
i t t rc l  so t l tc l ,  cst t r r l l , ,s izcr l  corrc:cptrral  act iv i t r ' .  - l ' l re rcsul t ,  l rorvcvcr; , rv ls t l rat
nci t l tcr  t l tc  cortccptuir l  r ror  t l rc tcclrnic i r l  c lc lc lo l rc:c l ,  ' l ' l re rcscarrh tcarrr
l tcel t t t  to l< lok t r l lot t  tccl t t t iqucs in a c l i l lcrcrr t  l ig l r t  i r r rc l  t< l  v icu, t l rcrrr  as i r
l iuk l lctu'eeu tasks arrr.l corrccJ.rtrr:rl lcflcction. Frrlt lrcr', I- lgrarruc (2003)
l lo iuts otr t  t l rc { i r l l<xr ' i r rg:

A tcclr t r i r l t re is,- Icncral lv i . t  t t t ix t t t tc 11[ ' ror t t i t tc-  i t l r< l  rcf lccl i t r ' .  I t  
' l i r rs 

i l  l ) lag-
u)at ic r 'o lc rr ' l tc t t  t l te i t t t l>ul t i tnt  th iug is to cor l r l . l lc tc the t i rsk ol  r r 'hcn t l tc
t irsk is :r  routi l lc p:t t t  ol 'anotl tct '  t i rsk. -Icclrnir l .rc 

l l luvs urr cl l ist.r :rnic rrr lc l-rY
r.orr l l i l l r t ing to at t  tut t lcrstant l ing ol ' tht--  obict : ts i t  l ranr l lc ls,  l ) i r r t iculalh 'dur ' -
ing i ts c la l rotat iotr .  l t  a lso sclvcs as an objcct  l i r r : r  r :orrccplrut l  rc l lcr t ion
rr ' l tcn corrrp:rrcr l  u i th ot l tct- tc<:l t t t i rprcs. (pr. 27 I )

l l t r t .  l 'o l ' tcc l r r r icprc t<l  l lc : t  l i r rk bcnçcen tasks arrd conccptu;r l  r -c{ lcr ' t iorr ,  i ru
i t r t r t rc<l iatc t lucst iot t  l t t ' iscs:  \ \ ' l r ; r t  is  t l tc  r r i r ture ol" t l tc  tusks t l tat  sr , l l ) l ) ( ) l ' t
t l l is lx) tc l ' r t i i r l  concr:1rtuuI iz ing rrr lc ol '  tct 'hnir luc?
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Irr  t l r is  c l ra l r tc l  l 'e c lcsct ' ibc a c lassroor l  inst l r . rct ionir l  act iv i ty th i r t  i r r tc-
gl 'atcs t l re usc o{ oorrrputcl  Algcbla Sr. 's tcnrs (CAS) in : r  manr)cl .a imc<l 1t
engl lg ing higlr  sclrr lo l  str l ( lcnts i t r  str l . ls tant ivc rn:r t l t t :nrat icul  rcasgir i r rg.
1'lre activit l '  dt 'rtr,s ott stu<lctrts' plior knorvlcclgc <lf l irctoling and ptrslrcs
t.l lci l l  to rrsc unrl t lcvclol; t lr is knorvleclgc bc1,<lud rvhat is ustral {i_rr. lr iglr-
sclr txr l - lcvcl  : r lgcbl i t .  I r r  l larr icul : t r ,  rvc c l iscuss t l le i r t tcuclant desiun arrr l
l l r i l t l rc l l )at ical  1 l ' inciples ol ' t l rc act iv i t ) ,  at  solne lcngth,  cxpl icat inu t5c
i t i tc t r r . lc t l  ro lc oI  thc CAS. \ 'Vc thcn l r iu l r l ig l r t  aspccts o[engagcrncl l t  and
stt t t lc t r t  rcasott i t r r r  that  cutcr-gccl  l ' i t l r  thc t rnfolding of  t l re i rct iv i tv ip a

Ilrsenrrh ou 'li,rltnologt nnd tlte'lint.ltirrs unl ltantirtu of !r4atlnntntics:
l i l .  2. (hsts nud l lnsltocl i . t , t , .ç, l i () i t-4 l ; l
Copl l ig l r t  O 2(X) l i  l r r  l r r l i r r rn;rr ion , \ge l ) r rb l is l r ing
Al l  t  ig l r ts o{ rr :ptrrr lu l l ion i r r  arr l  f i r r  r r r  t .cscr lcd. 393
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THE NATURE OF TASK-SITUATIONSI THAT PROVIDE
FOR THE CODEVELOPMENT OF CONCEPTUAL

AND TECHNICAL KNOWLEDGE

CAS-Related Literature

Irr t lrc L)crivc strrclv nrcnti<;ncd 1;rcviotrslt ' , Lagr.angc n<-,tccl that t lrc
cltsict 'calcttlation all l 'clccl b1' thc tool clicl n()t autonr;lt icall l , enhancc stl l-
clcnts' r 'cl lcction anrl undcr-standiug. -lcachcr.s haci

cllcottragerd sttrclcnts to.it l l)r l) cl ir-ectl l l i 'onr tasks to conceptu:rl r-ellcctiorr ...
Itot secittg that tccltni<1ucs sltccil ic to the use ol'si 'rnbolic cor.nputation arc
rrsclir l, t lrat t lte tcchnitlucs alc not obviotrs to srudcnts, and thai the se tecS-
nirpres urav bc a to1;ic f irr rcllcction. (Larr-anp;e, 200i1, p. 271)

In contrast, trvo cxper-ienced tcaclrcLs, rvho assigncd to their. class 9{'
l6- to l8-1'ear'-olt l ctl l legc strtdetrts thc long-terr-n pxrblcm of u,or-king ou
tlre lactolization ol-x'? - l, dicl lecogriize the epistemic value of clc.,cloll-
i t rg teclrni t lues ol ' lhctol izat ion wi th Dcr. ive (Mounier & Alc lon, lgg6).
Accorcling ro tlrc teachels, as l 'ep()l ' tccl by Lagrange, thc stuclents learqccl
?r gr-c?lt clcal at a c()ncel)tual level about finclirrg a gencral factorccl f<rrpr
that is tnrc lbr evcrl intcgcr n.

Rut lrorv c?ur one nrake "techniqucs a t()pic f<rr rellection"? \\ i lrat kincls
of sitttatiotts, in rr ' l t iclt a titsk such as thc pl'cvious one is enrbcclclecl, coulci
P(ltcl lt ialhr lead tt l thc codevclopment ol 'both concel>tual ancl tcc|rrical
asl)ects tlf tttathctnitt ical activit l '? Tlris rvas ?l cellt l-al qtrcstion .rve lacecl us
u'e bcgittt or"rr CAS t-cscatch projcct in 2004 ancl were confrr-rnteci.rvith t6c
tlccd to clcsigrt a set of CAS tirsk-situzrtions lbl usc by tenth-gr.aclc stuck-'nts
wit l r in t l re i r -a lgcbr: l  c()urse ol 's tuclv.  Ol 'cqual  import  to us as r-csearclrcrs
\\IAS otlr ttcccl to cllstl l 'e t lr:rt t lrcsc tasks rvcitrlcl also frrrrctiou as procltrctive
t'e hiclcs l irr gcrtcratinu l ich d:tta otr thc codevcloplne nt o{'conccptuirl ancl
tech uic:rl kntxvlcrlge.

\vc c<;lnbecl t lrc (lAS rcse:rrch l iteratr-rr.e r.egarding the naturc ol tasks
st lsccPt ib lc to plavinu t l r is  dtral  nr lc,  looking sl tcci f ical ly f<rr  c lesign { i -ztpre-
rvofks,  or  basic l l i inciples,  f i r r  constnrct ing such tasks.  Hoylcs 1zo0:;  l racl
cnr l ; l tasizecl  that  a f i rctrs () l l  t l lc  dcsign o1' task-si tuat ions is at  . t l rc [car. t  o l
t lrc "transfrrrmativc potcnti ir l of' [tcclrnological] tools in activit ies', arrcl
t l lat, with this l ircrrs, "knon,leclgc and episrcnrol<lgy arc bnrr-rght back to
cclltcr stage" (p. 28a). I ltrt thc scatclt f ix-desisn flaprgvgrks prr; 'r,ecl eltr-
s ivc.  ln {àct ,  Zbiek (2003) Iound thut rhe "abscnce ol 'c letai l  l r r  rcsearclr
lr l l()rls causes cli{ l lcultr, in r-rsing the t-epclr.ts to clevelop clccper insiehts
ir-rto tlrc kincl of CAS-r-e l;rtccl nrathcmatical exper-iences that best srrpp<lrr
stttclct.tt lcaltt ittg. \\ i ' i tcrs rr ' l to i,r ' ish to lrar,e a glcatcr inriract <ln classnxrnl
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Irraclice slror,rlcl consiclcr \\,Avs to incluclc in tlrcir t 'cscarclr l-epol.ts rn()re
ir l l i ; r 'ntat iorr  abotr t  t l tc  t l lat l lcnr: l t ic : r l  tasks arrc l  CAS act iv i t i t :s  i rsccl  in t l re
cl l rssr ' , rorrr"  tp.  2 |2t .

Flrl lvcvcl; \\ 'c \\rcl 'c :rblc to glcan r-clcvar)t i l l f t)nllation l l 'onr \1al-l(xls
t 'cscatcll rcl)ol 'ts t ltat lrroviclccl a lrasis f<-rr getting star-tecl ()u oLlr rxvrr task
constr t rct iorr .  l 'or  cxarrrplc,  Dr- i jvcrs (2003) curPhirs izcd t l rat ,

\\ 'hi lc t lcsigrritts ittstl 'rtctional actir, it ies, the kcr- rpestiou is içhrt mcaningfirl
Plrlr lcrrrs rrrl l '  f irstcl thr stuclcnts' coetrit ivc rlcvcloPrrrcnt acc<,r.t l inu t,, t l lc
go;rls ol ' thc hvllothcsizcrl lcar-ning tra.jcctor-v, ... thr.ce rlcsiurr 1;r:i1cil; lcsgrrirletl thc rlcsisn l)l 'occss: cuirlctl r-cilvcntion, rl iclactical Phi.nonrcnologl.,anrl nretl irrt irrg nrrxlcls. (p. 26)

llsl leciaily usc{irl rvas f)r-i jvcrs' suggcstion that ulol 'c attcntion necclccl t9
bc 1;:ricl to tltc rolcs of l;otlr papcr'-and-pcncil rvor-k tlrrrluglrout CAS actir,-
itv ancl {irctrsccl classxrour cliscussi<lus. Artigrre, De lirLrad, l)upcricr; .}uuc,atrcl L:rgrarrgc (l99tt) ;rrrx' iclcd sevcral cxarnPlcs r,f n<,,,cl cjAS iasls,
l lo i t r t ing otr t  t l t i t t  t l rev had usecl  thrcc ty 'pcs of  s i tuat ions in thcir  stucly:
gtriclecl nranipulatiorr, prrrl; lcrn soh'ir-rg, ancl teachirrg of a spccil ic
ttotiott-caclr rvith dil lèrcut degrees clf tcaclrcr intenlcntion. Ar-tigpe
(2002) i l lso; to i t t tccl  ot i t  t l l2 l t  sotnc of ' t l re lcvers on u,hic[  ( ) l rc c; l l l  .upùal-
ize n ' i th l 'cspecr to cAS âct i \ , i r ) 'p laying an cpisrcur ic rolc incluclc , , thc sur-
pt' ise effcct t l l i t t citn <>ccttt-u'ltcn onc obtains results that clo not conftrr.rn
to cxPcctatiot-ts ittrt l that can dcstabil izc crr()ncoLls copceptiogs, arrc.l the
nrul t ip l ic i t r '  of  rcstr l ts that  cat t  be obtainecl  in a s l r r l r t  spircc oI t iurc rr ,6c1
exyrloling ancl trving to unclcl 'stand a ccr.tain 1;herron.renon" (P. 344)
(translatctl b1' Carrrl l 'n Kicr:rn and Luis Salclanha). Cltrin ancl -I intrche
(1999) : r r ldccl  that  s i t t rat ions s l t< luld zr i rn at  l i rstcr ing invcst igat ion ancl
atr t ic ipat ion.

Zelravi arlcl N{antr (2003) clesclibecl horv tlrcy sct out to clcvclop tasks
th:rt, irr t lrcir vieiv, cor.rlcl not bc lutncllecl pr.acticallv and clfcctivcli,.,vit lrgpt
cAS-tasks that har l  thc potcnt ia l  to inter. t r t inc srudcnt ,u,rrk,  ôAS pc.-
Ii l t ' t traticc, attcl sttt<lcut rcllection. Tlrc tasks u,el'e t() hiuhlight thc l irncla-
t t tcr t ta l  ic lcas lv i t l r in a ntathcl l rat ical  topic,  ancl  ner-e to extencl  the t61t ic:r t
I rand.bl '  conncct ing i t  n ' i th ; l -eviously lcarnecl  t< lp ics or rv i th topic i  th i r t
rvrltr lcl l le lcarnccl lrt :t lalct ' stage . Oltcn tlrc1, l,ç1-g i;asccl on thc icicptif ica-
t iot t  of-Pt: t 's istc l l t  lcarning cl i l f ic t r l t ies in cul lcnt  non-CAS ï l l .act ice .  ancl
s() l l l ( ' l i lncs i r r lo l r t 'd rcpl i t ; r t i r ruarrd corrr l l lcr i r ru cxlrrrr l l l .s .  B, , l l  : r r r<l  St ; rccy.
(2003), rt lto r-aisccl the clttcstion as to x,hat str.rclcuts .shorrlcl rec<lr-cl rv6cir
rvo|k ing i r r  C,A,S crrv i r r lnurcnts,  su$gestc( l  t l rat ,  "Orrr  gr_ral  is  t9 s l r i { i  t |c
Iirc's . l 'sttrde'ts'*'r ' i ttc' r 'ccords fi ' .rn P.i 'cipailv proùcling tl le clctail t<r
princ'rpallv prrx' ici ine thc oven'icrv and enrplursizing tl ic rcas.nins"
(p 290).  l i inal l l ,  Laulangc ( lggg) pxip 'sed that task-si tuar ions . t rg l r t  io
bc ctcatcd in strch a \ \ 'ay as to "br ing alrout a bct tcr  courpr l :hcusi<r l  9f



Conceptual and Technical Knowledge Codevelopment 397

nrathcnratical contcnt" (p. 611) r' ia thc pnrgressive acrltrisit ion of tecl-r-
nic l r rcs i r r  t l rc achieve ulc l r t  of 'a solut iorr  to the task.

Relevant Non-CAS-Related Li terature

In aclc l i t i< ln to t l rc rcscarch ci tcd above, u,hic l r  c lczr ls sPcci f rc i r l l l , rv i t l r
thc c lcsien ancl  i r r rp lcrrre ntat ion of  Ci \S-based tasks,  another '  pclspcct ivc
<ltl i ttstrttci irtrtal clcsiurr, r-clcvant t<l the pl'csellt cl iscussion, is t l-rzrt clevcl-
oPcd l;1' ' I- lrornlrson (2002). FIis is a lnore geucr-al l)crsPcctive tl) irt
i t tvolvcs c() l lc( t l ) t t ra l  at ta lvscs of  urat l renrnt ical  ic lc i rs ancl  t l rc i l  cont l i l t r r t ion
t t l  t l tc  c lc.s iur t  < l f ' t t tat l tctnat ical  lealning expcl icnccs that ainr to supp()r t
lcarncls' corrccptual ach'arrces. In Thonrpson's vicu,, rloing concel)tuirl
atra[yscs cntai ls imauining studcnts havirrg sontel lL inr !  in rnincl  in t l rc con-
text of-r1i. ir;rr.s.l lr ig t lrut solncthing.

Jirr.valtl t lr is cntl, accorcling to 1 honrps()n, instnlctionai activit ics
shotrlcl bc clcsisrtccl rr, ith trvo centlal l ini 's irt miucl: (:r) to'cre:ttc opportu-
nities fr>r stu(lcnts an<l tcachcr to cliscuss p:rrt icular things, objccts, or-
ic leas that t teccl  to bc t t t r r lcrstoocl  ancl  to discuss horv to imaginc suclr
t l t ings;  ancl  (b)  t ( )  crcute oppor- t t r r r i t ics [br- t l re inst luctr l r  to cnsure th i i t
spccific cottccl)ttttt l  isstrcs rvil l  ar-isc lrrr s[uclents as they engasc in clisctrs-
siotrs rvit l i  lrel ol lr iur. \\rhen uriuls a ancl b are realizecl rvith rcgar-cl to a
partictrlal i<lca, thev c:ttt procltrcc inslrru:l ionuL crnnta-.sutiorts (ir-rter-actions)
aruuncl t l iat iclca.

At t l re ct l rc of  t l t is  c lcsiglr  pct 'spcct ivc,  the n,  is  a v is ic ln oi 's t rLcle rr ts pur ' -
1 l<tscl t r l lv  pat t ic ipat i r rg in corrvcrsat i r i r rs t l rat  fcrstcr  r -cf lcct iorr  on sontc
nrirthe rlri l t. ical // i ir ig-arr objccr, an iclcu, or a \\/: iy of thinking. -fhornprson
(2002) crrrl; lovs tlre terrn rl irLrctic objet't t<t refel to "a thing to talk aborrt
that is t lcsisnccl to sr.l l) l)ort r-cllcctivc nrathcmatical clisc<ltrrsc involving
spcci f ic  rn l thcnlat ic:r l  ic lcas () l -w:rvs of  th inking" (p.  210).  In orrr  v ior , ,  a
didact ic ol- t jcct  is  : rk i r r  to a tool  Ibr  a desisner or : l  tcachcr-rvho couceivcs
trs ing i t  i t r  rvavs that en:tblc stu( lc11t cngagcrnent arrc l  couvcrsat. io l ls  that
l i rstcr '  pxrclrrct ive r  e l lcct ion on speci f i  c  l r )athenlat ical  t l r i  n gs.

Drarvirtg ou the notion ol'cl idactic oll jcct, 'rve vierv tlrc c.\s as a dkkrtti-
ctLL taol ,  i t t  that  tvc intct t r lcd tht t  i t  bc t rscd in our task-si l t r l r t ious i rs i l
l l leâl ls f i l r  lcvclatr* i r ig t l rc k i r rc ls ol '  inst l t rct i<tnal  intc lact ions errv is ionccl
lrr ' - l- lrornpsorr. IIolc spccificallv, thc 1/ri irg-i gcner-atecl by rhe CAS in tlrc
contcxt  o l ' thc act iv i t l  rv i th in rvhic l r  i t  is  integr ' : i tcc l - { i r r  cxarnple,  thc
ex1-rt 'cssiotts it ptrrclttt:cs irrrrl cl isplavs as a tesult <lf str-rclcnts' intcrrrctior-r
rr ' i t l r  i t  i t t  t l tc  t -<l t r text  o[ 'sotrrc goir l -c l i rcctcr [  scrprencc of 'act iv i t ics-cor ik l
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lte takcn as objccts of explicit ancl srrbstatrtivc
cl iscussions.

r-cl ' lcction and classror.rrrr

DESIGNING CAS TASK.SITUATION5:
AN EXAMPLE FROM FACTORING

\\Iith tlrc plcccding plir lr cxpelie ttccs of other- C.\S rcscarclrcrs its it po<il
[ i 'r lnr u'lr ich to dl arr', ancl rvit lr T'lrotnPs<ltr 's l)crsl)cctive o{'cl iclactic oll jccts
i r r  rn i r rc l  as a l l rckgr<)und i r rstnlct ional  design l tctr t  is t ic ,  t l ic  t t tctnl tct-s t l [ '
r>rrr  lcsearclr  teal l  l tcgarr  to th ink al totr t  the nâtr l rc ol ' t l rc tusk-sir t tat iotrs
thar nriglrt irc intcgr;rtccl irrtr> ()rlr o1\'n stutl l, ef' tcntlr-sl-aclc algcltra
classcs. lt rr,:rs clcal to the tcant f i-otu tlte outsct that CAS tcc:ltnolog) \\ ' .as
not intcnclccl to rcplacc papcr-ancl-peucil rvolk as a tcchuical tt iol. Nor
u'oukl it be sinrplv a meilrls {irr clrecking pa1:cr--and-1-ictrcil tr 'ork. It u'zts,
lron'ever, scell as a rl iclactical tool fbr ptrshing stutle trts to coll lc to gliPs
rvith trnclcr-h'ing theot"etical icleas in :rlgelrra.

Sorne of [hc comporrerrts tif our i lctivit ies that \vclc intcrrclecl to trt itkc
CAS a cliclactical tool rverc cpestions thzrt ch'erv ()n tl lc tnaclrirte to occ:tsiott
discussiorrs tlrat ckr rl()t nornlit l ly happen itr rr:rthcnurtics classcs. Tisks
that askcd sttrclcnts to rvlite abt>ut hcxv thel'u'ere inter"prctir-rg their rvolk
ancl t. lrc rclatcil CAS clisplal 's ainrcd to bring tnathctnatical notions to the
strrftrcc, nrirking thcnr olrjects of explicit rcflection aud discoursc ir-r thc
classroour, und clar' if i ' ing idcas ancl clistinctious, in \\ 'a)'s that sirlrply
"doingalgel;r-a" nlav not rccltt ire.'I ' lrc design tcam clecicled that, if CAS is
to be cflcctive at the high sclrool lcvel, it is plcciscly this kincl o[ r-rsagc
that nccds to be consiclct'ed-trsagc that iuvolvcs a rnix of'pa1)er-ancl-Pclt-
cil u,ork, CAS activity, rcflcction rlucstions, and classxrorn c[iscrtssious <>f a
strltstantivc naturc in lr 'hich thc tcachcr dr:uvs otrt lhrrn thc stuclctrts thc
ide:rs up<-ln rvhich tlrey arc rc{lectitrg.

Or-rc o1 thc scver-al task-situations thatrvc devclopcd u'as atr elairot-atiott
of thc r" - I lactolirrS4 task2 pt'eviollsl,y l-cferencecl in tl ie Lagrange (2003)
l 'cl lort.: '  \,\/c slrall trsc it as thc 'r 'chiclc l ir l prcsenting tlrc plinciplcs otr
rvhich we clrc\\ '  as rve clcsigtre d the vaLious qucstions <lf thc task-situati<ltts,
a pro(:css tlrat it l 'olvccl sclcral refinctrtcrtt lo<lps, (Scc.tlre Appcndix [<rr
tlre task-sittrirt ioll i l l  i ts cnti lcty-Activity 6: l irctoling.') Afïer pl 'cscnting
the ainrs and dcsiqu pl inciplcs o[ 'eaclr  o{  the main parts of  lhc l i rct<lr ing
task-situation, rvc br-icl lv dcscribc soure of the highlights of its unlirlcl ing
u'ithirr orre ol- thc classes that u'c obscrvccl arrd conclr,rclc by Pointirrg
torvard tlrose clesign principlcs and {eatures of CAS that strppolted stu-
clcrrts' engagenlcrlt in substallt ivc nrathelnaticirl rcasorring :rr-rd tlre cocle-
velopnrent of  t l rc i r  corrccptual  ancl  tccl in ical  knon' lc<lgc.
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Overview of the Task-Situat ion and l ts Design pr inciples
-l-hc ltalticr-rlitt tirsk-sit,ttitIion cliscusscrl hcrc as an illustrativc ex;rnr-

plc is <lnc th i t t  i t r lo lvcs sceing p:r t tc l 'us in t l rc l i rctr i r izat ion of  an cxprc.s-
s i<t t - t .  \ \ rc c lcsignccl  t l rc t : rsk-si t t rat ion u ' iLh thc intcnt ion that st t rdcl i ts
u,ot t l t l  c l rs i lgc i l r  t l rc [ i r l lorv ing mctu- lcvcl  processcs of  rnat l tcr t r : r t ical
act iv i t ) :  ant ic ipat ing,  r ,cr i lv ing,  conjectul ing,  gcncrnl iz ing,  : rncl  l t loviug
(Kic larr ,  I996).  \Vc st t ' t tc t t t rccl  t l rc s i tLrat ion s() : rs to unftr l<,1 in phascs oI
st t t t lc t t t  rvot 'k l l tat  n 'ou[d c<l l lcsponcl  ln()rc or less rv i th thcsc proccsscs.

Sttrclcttts lurrl allcacll, learnccl to lactol t lre dil l-crcncc ol'scyuar-e.s (c.g.,
. r : r  -  l )  lncl  t l ic  surrr ; r r rc l  c l i l ler-encc ol 'c t r l lcs (e.g. , . . : ï -  l ) .  As a { i rst  c lcsigrr
lrrincil; lc, rvc rvislrcrl f irr thcrn t<t l inh. t lrcir pu.rt, a,or' l i  iuvoh,ing tircsc iclcnri-
t ics rvit lt t lrc a-e nclalizntiott lorvar-cl n'Iriclr t lrcv t 'orrlcl ltc rvolkir]rr rcg:rrrl-
i r tg t l rc I : rctor- in! I  o l .  r "  -  l .  \ \ /c ai r t recl  t ( )  sui)p()r t  str . rc lcnls 'c() l tst t 'u i l r , {  ; r
factor- i r tg l )at tc l 'n t l rat  t I rcv miglr t  r rot  l rar ,e rr<l t icecl  l tc{ble lv l rcn r . rs i r r r r
orr l r '2 ant l  l l  as r ' : r l r rcs ol ' i r .

^ . \ r r  aclc l i t ional  c lcsisu l r l inciplc invr i lvcr l  stuclents '  pred, ict ing'a I r rctol iza-
t ion [ i r r .  J"  -  l ,  using thc svur l ro l  r rL lb l  t l rc ,cxl ]o l rcnt ,  rat l tcf  than spcci f ic
t r t t t t rer ical  valr tcs.  - l -h is pl inciple,  rv l r ic l r  rcf lectccl  <l t r r  i r r tent io l r  that  stu-
tlcnts lvortlc[ tnovc trl l ' i trcl an algcbraic firrmalizirt i<>n of thc paitcrns tlrcy
not iccd. rr ,oulc l  l lc  in i 'okcr l  u ' i th in the context  of  yct  arr<l thcr pl inci l t le-
that ol 'f ix r..red stlt.r lrttt l irte cltt.s.sroottt di.vrrr.s.i iol in lvhich thc tcachet' zittcntpts
to clicit strrdclrt t lr inkinpç r-:rther tl"ran give tlrcm :rnsrr'ct 's a l itr lc too
t lu icklr .

- l - l ren,  i rct iv i [v rç i t l r  thc s1'stcrnat ic lcplacernerr t  of  r i  by evcr- inclcasirrg
irr tcgr i t l  valucs i t t  x"  -  I  rv i ts i t t tetrc lccl  to plovic lc i rn arcna l i t r  makirrg con-
jcctLtles anrl rvorking torr,:tt ' t l  ancl re l ining the gcr-rcrulization takiltg placc.
Tir  [ : rc i l i tatc bot l r  t l rc l ) l - ( )cc: js oI  gencr ' ; r l izat ion ancl  t l rc ic leut i l ic : t t i ( ) l l  ( ) f
thc constr-aints ()n t l rc l i r l rn ol  t l rc c()r l tp lete l i rctol izat ion ol t . r ' r  -  l ,  rvc
el ; r l r r r l i r tccl  as i t  c lesistr  pr inciplc t l le s[uclc l ] t  pract icc <>l  n: tutrr i l i t r ,g t l rc [ i tc-
tot-ccl [ irt ' ttr olrtaittecl br' 1lapcr- itnci pencil rvit l 'r thc rrnexpcctccl frrrm of t lrc
( iAS otr tPut.  - l - l r is  r lcs ign Pl inci l t le is c lcscl ibcd nrolc fu l l f  iu l )ar t  I I  of  t l rc
lask-Si tu:r t ion:  ( ionjcct t r l ing and Nlovinu' l i lvarcl  a Nlolc l {c l ï rccl  Ccncr-
al izat ion.

l - l re last  c lcsisn pr- i r rc i l t lc  to l tc cal lct l  ( ) l l  \ \ ,z ts one t l tat  rvc acl ; r1; tccl  lbr '
t rse n ' i t l t  C,AS t l rsk-si tu?t l i ( )ns that  a i rn at  supl)ort i l lg thc c lcvclol , l t rcnt  o[ '
cotrccl;tttal krrorvlcrlgc rr' i thin tcchnical activitv. It involves tlte tttobil iutl ion
ttl ' t l te tttrcrcin{ cotrrttplrutl l ;,trtnul,etlge u,irlr irr rhe nrulti{ itcetccl activi[v <l{ '1txr,-
ins-t," itetivitv that ltas only t 'ar-cly figrrrccl cxplicit ly in (lAS rescarch at
t l rc sccouclary sclr<xr l  lcvcl .

\Vc t torr ,  l ) rcscl l t  sonre t lc ta i ls o{ ' t l rc thrcc ntain pal ts ol  Ihc { i rc: to l ' ing
t : rsk s i tu: t t ion.  \ \ Ic also i r rc l t r t lc  br icf  rcfercncc to t l lcsuggcst io l ls  o l lcrcr l
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firr teacher irrtcn'ention s() 2rs [o givc sorne indici ' r t i r ln o[ t l re cl:rssxrorn
c() lr tcxt I i ) l ' rvhiclr \vc attclnpted to pr 'ovicle.

Part  I  of  the Task-Situat ion: Ant ic ipat ing and Veri fy ing

-I'he acti i ' i tv bcgins lr, ith u lrriel 'revior' of papcr--and-pcrrcil factoring of
diffcrcrrccs of sqrrar-es ancl cul-lcs, accornpanied by tlAS veril icution (see
Itcnr ln o{ thc Appendix). The activit l 'entails pr'oûrpts to sr.lggcst t lrat this
prclirninarr, n'ork l;c lbllou'ed l;y t lrc teacher askine sttrdetrts to look at t lre
i:rctorccl [,r i 'urs,,l 'x2 - I ancl 

"i] '- 
I t,, scc rvhetlrer thel' clctect sotttc sigrts

of  a pattern.  Stuclents ur ight  lernark that  ( . -  -  l )  is  a factol  of  both.  - lhc
tcacher could tlrcn u't ' i te thc fhctorccl l ir lrns <>rr t lre lroat-d, rvhilc l losirrg
tlrc question, "So u'hat d<i rve obtain rvhcrl n,e multipll '  ()nt thcsc factolcd
[ôuns?" In this u'av thc teachct-could l"le hcll; ing studctrLs to rclate cxplic-
it ly both the {uctrlrcd ancl ex1;irncled f<lrnrs of the nvo examples:

(x-  lXx+ l ) :  a l rd ( , r -  lXxz+x+ 1) =

Studcnts tlrcn lctur-n to the activity sheets (ltcrns ib, 2a-2d) rvherr t l 'rcy
ar-e askcd to rt 'r ite the rcsult they anticipate f<l ' ( l - l)(x:l + 12 + r + I ),
rvit lror"rt ckring arry' p;rper-and-1)encil ol ' CAS rn:rnipulation. Tltel ' thsr,
vcri ly their allt icipated rcsult lry Ineans of C]AS. They are asked slrbse-
( l r . rcut lv t ( )  l l ( ) tc iv l r l r t - t l tc  t l r lcc cx1l t 'cssions [( . ' r  -  l ) ( . r  + l ) ,  ( r  -  l ) ( . r2 + x +
I ), :rnd (,r - l)(x:t + .rz + x + I )] have in cornnlon. as rvcll as to explzrirr u'hy
it is th:rt a biuornial rcsults as the prochlct iu all t lrrcc c:rses. The ncxt scc-
tion of ltar-t I (Itcms 2c-2g) prescnts an itcnr rcquiring prediction: "On
the basis of thc cxplessions rve have found so Iàr, prcdict a {actorizati<ln of
the expressionli) - 1," lbllorved by ir fcrv rnorc iterns of an anticipatory or
cxplanatol), natLllc.

Thc classroorn clisctrssion that brings this first Jralt t i f the activit l '  to a
close fircrrscs on rvhetlrel ' studcnts have bcen altlc to trnticiP:rte a gener':rl
{ irctorization of thc expressiou fr" - l, [<rr intcgral vulnes of n. \! 'e consid-
clccl it imp()l ' tant th:rt strrclcnts tl) to gcnerate the gcncr-al l i l-nrtrlati<ln
thcnrsclves, tackling issucs strch as rcpr-csenting decreasing po\vers of the
valiable rvith a qellcral notation. At this point, rve strggcstcd tlrat t lrc clis-
cussion could adch'ess tlrc inrportance of the factor x - I arrcl the fact that
i r r  r r r t r l t ip l l , ing th is binonr ia l  by arry polynoruial  of  t l rc f r r rnr . r r  - l  + xn -2 +
. . .  x2 +rr  + I .  the rcsul t  is  t l re strnr of  the f i l 's t  ancl  last  tc lms o[ thc grrod-
uct. Tlt is le strlt is obtaitred bv distribtrt ing the firctor x, then the firctor -1,
tlrror.rghorrt all thc terurs of the second polynomial, t lrcrcbl, lcadir-rg to the
pair-rvise canccllation of all "inncr" terms. In surn, for integçral valucs of tt,
ive have (l - I X,r'? - I * 

"ri 
- 2 + ... 

"2 
+, + I ) = "ïr? * l.
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Figt t l 'c  l i r . l .  l ; i rst l i t rcol t ; tb lct 'crprcst ingt l rcsvsteurat icrc l , l l : rccnrcnt<>l ' l iu"r . ' i -
I  l ;v 2, 3, {,  i r ,  arrcl t i .

Part  l l  of  the Task-Situat ion: Conjectur ing and MovinE
Toward a More Ref ined General izat ion

-[' l tc sccotrcl 1;alt of t lrc activity I irctrses, f rr-st, on tl le systcn]i lt ic r-clrlacc-
t l let t t  of- t i  l )y t l rc i t t tcsels l i r l r r t  2 throualr  6 in.r t t  -  l .  Strrc lents are askecl  to
l i l l  in a table,  o[ 'n 'h ich only the l i ls t  l inc is shorvn in l i igurc l5. l ,  acc<>r-c l -
ing to t l rc givcrr  i r rstr-r . rct ions.

\ \ re ant ic i l tatct l  that  st t rc lents ur ic l t t  l ; rctor-xq -  . l  as ( i :  -  l ) ( .v: t+.v2 + " ,  +
I) ,  accor-c l inu lo t l re pattc ln t l re l 'hacl  qeneral izecl  t r1> to th is point ,  nol
realizing tlr:rt t lrc sccotrcl f:rctor corrlcl bc frrrthcl factorccl. In firct, scr,clzrl
strtclcttts rrt isht bc iuit iall l  sur-1;risccl bv the Iactorecl f i l-m 1>r'odtrcccl bv thc
CAS lor ,r- ' - l, unti l l)erlrit l ts uoting tlrat. thci, rver.c clcaling rvith a dilîcr-
cttcc tlfsqtti l l 'cs of that thc secotrcl factol could l ' lc lcf:rctorecl ltv grotrl; ing.
1-lttts, lt leconcil iation o['thc vcrsions thcy hacl proclrrcecl rvith papcr-anci-
l lcrtcil ancl rvil lr C.\S rvotrlcl bc itr orclcr'. \ 'Vc also consitlcrccl it irupolranr
that t l rc r-econci l ins bc cknc al ie l  cach cxanrple of ' r "  -  l ,  rvhich cxplains
\.vlly sttldcltts itt ' t: askccl to fj l l  in all t lrrec cclls of a git,en roiv l>elirrc pror,-
ing ( l (nvl l . to t l rc next rolv ol- t l rc tablc.

\\rc coniccttrr-ccl thlrt the r-ccottcil i l lg par-t of thc actir, itv \\ 'oi l lcl l lc a cr-u-
cial Iactol itt stt ldcllts' cr'olving couccptual clcvclrpnrent.. Not oulv n,as thc:
corrl l l lctclr '-f, lct()t 'ccl ()AS ()ttt l)Llt intcrrclecl to 1tr<>r,oke thcrn into tlr irrking
rlror-c clceply uborrt rvlurt it nrcant t<> bc "ful11' Iactorecl," br,rt also horv thcv
tuigl t t  l tc  ablc to tc l l ,  r l r  tcst ,  r ' l rct l rcr  a givcn explession corr ld l ;c l : r t : torcd
cli l lèr'ertt lv or rr ' l tctltet't lrc "tirctt i ls" thcy lracl ploclucccl coulcl bc l irrthcr'
l i tc to lcci .  I r tc lce<1. t l rc prorupt to r-econci le is t l rat  part  of  t l rc act iv i tv t l rat
airrrs to c l lg;rgc stur lcnts in I l re act  o l ' r -cf lcct i r rs orr  thc " th i r rgs" ( l r l r . rus,  i r r
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this case) gener:rtcd bi' thc cAS in rclation to the firrrns gcneratcd by
t l rern.

A{ icr  I i l l ing in t l re table lo lx2 -  I  thxrugh..{ i -  I ,  stuclenrs arc askccl  ro
clo sonre c<xrjccttu'irrg (Itcrrr II.A.2;: "corrjcctute, in trener-:rl, I irr lvhat
nurnbers n rvil l  thc firctorization of âjtt- l; ( i) contain cxacth'nvo f;rctorsl
(i i) contain nlol-c than tr ' 'o l irctors? (i i i) inclr.rrlc,\ + I as a firctr-rr? I)lcase
cxplain."

-I-lrc discussion follorving this l irst secti()n of l)art lI r.vas intcnded to
tortc l t  r rport  t l re di [Tercnt rutys of  [ : rctor ing.*{ i  -  ] ,  t l rat  is ,  r rn cxprcssiorr  i r r
rvhiclr rr is a rntrlt i l- l le of both 3 and 2, be{irre asking sruclcnts about tl 're
conjectur-es thcy had madc rcgarcling tlrc factorization o{-r" - L \ve antic-
i ltatcd tltat sttrt lcltts u'<ltrlcl f irst clistinguish tlre cases ol'rr cven zrncl l <ldd.
\Ve also tlrought that rnany o[ thcm u'or"rlcl (inct.rr.rectly) conjccturc that
thcre alc nr()rc than hvo lactors f<rr even nurnbels rt. > 2 and only nto [ac-
tors rvhcn lr is odcl. At this point, it rvas suggcstcd tlrat thc teachcr nriglrt
\{allt to oflèr xe - | as a countel'examplc to this c<injectru'c, f i l 'rvlrich fhe
lactrtlecl f<rrur corrtairrs tht'ec lirctols. -fhen stuclents \\.()ulcl bc trr-ged t<r
rvork cither indiviclually or in gror"rps, in order to r-cvise tlrcir coniccttrr-cs.
' l  l rc1 '  r r 'otr l< l  t l rcrr  l ;c  prrrntptcd t ( )  go on to t l lc  secorrc l  scct iorr ,  rv l r i r l r
irrr-<rfvcs cornplcting a table as beforc, but this tinre fi lr ,7 - l through
r ' '  -  l .

Thc sarne conjecttrring <}resticln is rcpeatecl aftel students havc corn-
plctcd the table u'it lr the cxtcndcd integral valtres ftrr n, in <llder to give
tltenr the opllortunit) ' to rcvise and elaborate their init ial conjectur-es
(I tcrn I I .B.2).  The f inal  i tcrn o[Part  I I  involves appl f  ing rhe gencral iza-
tiotrs thev ha'r'c lolmed to a few rrumerical exarnples (Itcrns ILC.I-II.c.3):
"I)ocsx200+ - I (follo*,ccl 1,,r 'r3t)03 = l, ancl 11r.n'-ar,: l '- l)(ifconmin more
than tn'o l irctols? (i i) includc r + I as a factor? lrlease explain."

-I-he zrinr of' l)ar-t lI is to stimulate studcuts to cliscover- t lte gcnclal rcla-
ti ' 'slr ip: rtt - I = (x - I )(.r ' t - I * 'n 

- 2 + ... .v2 + ;o- + I ), frrr integral val.cs
of rr. N'Iore spccifically, rve iutencled to encour?rge thc realization thlt {9r rz
prirlre, the Iactorization rvil l  bc o1'this f<rrrn; lvhilc frrr rz cvcrr, t[e forrl 9f
tlte cornpletc ftrctorizatiou, lvhich irrvolves a refact<lrization o{'the scconcl
lactor, wil l include b<lth (x - l) and (x + l) as facrors. In tlrc discussion fol-
lou'int4 thc first secti<trr ol 'Part II, the counterexarnple

x9 - l = (.r - l )(.r8 * r7 * *('*.rt * 
"o 

* -*3 * *t + x + l )
= ( . r -  l ;1x6 +13 + l ;1x2 +x+ l )

aitns at pl '()lnoting distinctior.rs arnollg the cases of rr prime, cvcn rr ) 2,
ancl odd ?? n()t prinre (see l; igrrrc 15.2 fur exarnples of the czrses of n prirnc
:rncler-cnn>2).
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lf rr is cveu antl rr > 2. tlrcn (r - l ) uua (-t + l) 
"r* 

tr"u tircrors of' rhc tlcrorcd

Jrt t l r r r r r r r r ia l .

. r '  -  I  = (" * 
'X" 

+ r! (r- r)(r+ r)( '  + r)

- t"  - i  = ( ' , tX '  .  t ) -  (" ' - lX '  t  t ) ( ,  +. i+t f , ' ,  * . r+ t )

""  -  t  = ( ' '  -  tX '*  l )= ("  -  t {"  + t {"  + r)= ( . -*  tXr+ tX.:  + I f ' '  + t )

- r" ' -  I  =( t ' -  r ) ( . r '+ t )  = ( . r -  t ) ( . t '+.v '+.r- :+,r  + t ) ( . r j  + l )
=(r*  l ) ( . r+ l ) ( . r '  +.r '  +-rr  +-r+ l ) ( . r '  - . r : : '+-r '  - . r+ l )

l l ' r r  is  a pl inrc uunrbcr,  thc lactolcel  cxprcssion ct tntains r tn iy t rvo lact t t rs:

_r , - t=( i - r ) ( . r+l)

.-,- '  - I = (.- r)6' +.ï + l)

.r t  - l  = ( . r - l )6 '  +.r i  + x:  +.r+ l )

-.r:t - I = (,.' - r )6 " + -r't + -r' + -r.-i + .rr +.{ + I )

- {"  *  I  = ( , r  -  t ) ( r" '+ r"  +J* +. . .+.r l  +r l  +.r+ l )

Pig^rrrc l ir.2. f:rctoliug.r:" * I fbrcitscs ol'rr prinre anrl evcn l > 2.

Part  l l l  of  the Task-Si tuat ion:  Proving

l'art III c()ntail ls a sirrgle ite rn: "l ixpl:rirt rvhy (x + I ) is aln'ays tr f: ictor ot'
"v" - | lbl ci 'cn valtrcs o{'n. à 2." \Vhen rvc includecl this itern, \ve lvcl 'c n()t
sttt 'c rvltat tcnth-gladc stuclcnts lvotrlcl bc able to d<; rvith it. Thcy hacl not
had zrnt' prior cxpcricncc rvith pr-rio[! sLrch as the follorving:

n,2k.r  - l=.r  - l  ( lor / leven)
1lt

= (r  )  - l

I  ) I - l  1k-2= ( . r -  -  l ) ( . r -  +.r  + . . .  + I  )
-  ( . r+l)( . r - l ) (  )

\Vhlrt  rvc ol lsctrecl rvirs a stu:Jrr ise, both to <>rrrsch,cs and to the cl:rssrr>om
tcachcr.
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SOME HIGHLIGHTS OF THE UNFOLDING OF
THE FACTORING ACTIVIry WITHTN ONE OF THE CLASSESs

1'lte activity trnf<rklecl ovcr B\,o I -houl class pelit;cls ocetu-r' ing on colrsecll-
t ive clay's. Sttrdcnts cngagccl in thc activity, f<ll lorving thc intended struc-
tru-e tltat rve elaltorated in the prcvious section, each ltart. collclucling u,it l l
a rvhole-class disctrssiotr of icleas addressed rr' i thin that pat't. Our ainr in
tlt is scction is uot to ptovide a dctailed ltscal'ch feport of what transpirccl
rvit lr in this trnf<rlcling. Ratlrer; rve f<rcns on [$'o highlights that i l lustl 'ate
lr<lrv cugagcll lent lvith the actir, ity brotrght issues of strltstautive rn:rthc-
matical reasottitrg to tlre fore and pushed students to lcas()l l in scentiugly
not dircctiotrs. fhe first highlight, ernerging ir.r the classr'oorn discrrssion
at t lte encl of l)ut't I, cortcertrs issr,res lelated to tlre s1'ntbolic {ornraliz-ation
o[ the getteral lelationslrip that we intcndcd f<lr students to broaclr. Thc
second higlrl ight coucel' l ls a cr-eative and elegant pnlof o[ t.he genelal
relzrt. ionslrip, advanccd lty a p:rrt icular pair of students irt the activitv's
c<lrrclusir>n.

Tlte etttclgct.tcc o{'these highlights rvas driven bl' students' attcncling to
the subtlc blrt irnport:rnt rcqnir-crnent, built into particular parts of the
activity', that thcv recoltcile the f<rmrs produced by the CAS with thcil rxr'r 'r
papcr--and-pcncil { irctrlr izations of cxprcssiorrs ol ' the fornt ,x?r - I l i)r
incre;rsing intcqral values <lf n. By lrclping to oricnt studcnts torr'arcl cotr-
stlr-rcting corrrplcte factor-izations of thcse exprcssi<tns, t lre rec<lncil ing
tccluitetrtent t lrus plaved a central r '<lle in prrshing thcrn to cotùcctulc,
gerteralize, and {olmalize a 1>nrt>f.

Deal ing With ns in the General  Formulat ion

AI ier  the studcnts hacl  s l rared their  th inking rv i th t -cspcc' t  to t l re t l r ree
giverrcx:rrrr l r l t 'sof ' I tcrrr2cirr l 'a l t l [ (x- l ) (x+l) , ( . ' r - l ) ( rz+x+l) ,urrd
(x - I )1rr + rt + x + 1), aklng rvit lr their expanclccl frrrmsl, the tcachcr
askecl  t l rcrn t<l  ptcci ict  t l rc l : rctor iz:r t ion of  xt ' -  l  I t  sccrned clear- to the
rcsear-cher-obselvcrs that t lr is \ças thc first t irtrc that thc students hacl been
askcd to cleal rvith :r genelal fcn'rnulirtion of a ftrctorecl lirnn.

Orre strrdentstar- tecl  rv i ththcstrggest i r iu,"("- l ) ( r , l - l  ayt t -2u btr t thcn
st<lppccl ancl s;rid, "lltrt I clon't knorv lrorv far- to go." 'l-lris was echocd by
scvct 'a l  othcls in thc c lass. ' fhc tcacher then ol lèr 'cd:  "ckxvn toxz +x + 1,
asn'ith thc othcls." On ex:rurining the proposcd factorccl {bnn forx" - l,
an()tl lel '  strrclent rvtindelcd rvhcther' (x - l)(x?' - l + l) rvotrlcl be the s:l lnc :ls
(x - l)(.rr ' i  - l  + yri - 2 + ... 12 + r + l). \ ' \, 'e noted that cven thc knou,leclge of
l lo\\, to multiplv r by rti - I sccmerl prec;rrious at this l]toll leltt. One stu-
dent strguc'stecl adcling tlre exponer.rts, I rnd l - l. In the backgruuncl,
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horvever, l 'emained thc cltrestion of "hon,far to go" in the seconcl factor; it
had not yet l)cen satisf,rctoli ly adcllesscd. 'fhe studcnt askcd again, "If i t 's
rlecrcasing, horv far cloivrr do yotr go?" to rvhich the teacl-rer responciecl,
"\ 'ott go all thc rvay t() rtt, rvlriclr is 1." Hrxvever-, thc l ink bctrveer-r.vt'ancl
.r" - " w:rs trot nraclc, arrrl the stuclent in question seemed unsatisfied.

Evcn though thc issuc rvas sti l l  not resolved, the teacher zrskccl thc stu-
clcnts to rnovc oll to Pnr-t II. So, nridrvay through làrt II, rvhen the lest ()f
thc class lracl bcgtrrr to rvork on the firctorir.rg of .t '- I and its succcssof
expressions, the same sttrclent wellt up to the bozrrd to l 'epeat his <prcstion
to tlrc tcacher': "trVhe n t,ou g() l ikc this, going clown even to n - l, n. - 2,
Tr - 3, horv lar rlo yor-l go rvit lr the ris; rvhcn rvil l  this (cir-cling thc -3) be
zcxr?" "It clepcncls ol1 r?," olfered the teacher. Not yct convincecl, the stLr-
rlcnt acldccl that he clid not l ike the dots either (r 'el 'en'ing to the secollci
gcucral ftrctor n'hctc thc miclclle tentls rvcl-e r-epresentcd by thrcc clots).

Flacl the stuclurts not l;ecn askecl to pleclict a gencrâl factorization ftx'
x"  - l  arr<l  t ( )  cxpl 'ess i t  i r r  gcrrc la l  notat lorr ,  wc rv i r r l r l  not  l r :n 'c n, i t r rcssct l
thc clif l ictrlt ics t-lr irt are inhelcnt in such polynomial notatiol ' ls inr,olvine
nou-nurne ricarl cxpone llts for- stucle nts of this age nncl particular- algcbraic
expcricncc. It strggestcci an intcrcsting :uca fol fut'ther stucly.

Proving That (x +1) ls Always a Factor ol f - I for Even
Vafuesoln>2

Altcr having gir.en tlre class abor.rt l5 rninutes to try t() gcncfatc a plool
of  th is phenornenon-that (r  + l )  is  ahvays a l i rctor of  x"- I  l i r r  cvcn val-
trcs of z > 2-ancl har,ing cilctrlatecl aronncl t lre classro<itn duling this tirne
in order t() sce u'lrat kincl o[ plools the students \\ 'crc attelnpting, the
tc:rcher invitcd selcctccl stu(lents to come to the lto:rrcl, ()ne a[ a time, t()
pll jscllt theil. pruofs.

()ne ol'the l itst "proofs" that rvas prriposecl rvas as [ollolvs: "When ?? rs i lr l
er,cu utrÛrber gleâter thnn <>r ecltral to 2, (xt - l) is alw:rys a firctrlr, ar-rcl so
(x + l) is a [actot-." Horvevcr, the studcnt cotrld not leally shorv rvhy (rz - I )
is alrvavs a [actol'. 'fltctr anothcr stuclcnt cilrne fol-\vilrcl lvith rvhat hc pro-
posccl as a c()ulltercxample, (.rl? - l), u,hich he rnanipulutecl so as to hirvc
asumof 'ctrbes ( i .e. ,  the f l rst lhctorof  thecxprcssiou ( . rc3+ l ) (x3- l ) (x( i+ l ) ) .
u'hich yie lcle cl (r + I ) as a firctor. So, the pl'escncc of (xz - I ), hc arguecl, rvas
pelhal:s l lot s() crtrciir l a{icr all.

IJut t ltc qtritc tcmarkablc alte mpt appcared rvhen -|ane rvas invitecl t<r
conre l irt-rvard to prcscut the pro<lf that she ancl her paftncf lr:rcl con-
stnrcted (sec l i iutn'c 15.3). 'fheirs \\rrls a ger.rcric prrlof (Tall, 1979), in that
thc ar-rtument \\:as pl-escntecl as :rn exirurplc that e rnbocliccl the structur-c of
i l ru()l 'e gcnct'al al-r-{ullrcnt. -I ' lrcir- pr'oof rvas based oll n()ticitrg that frlr
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Figurc l1'r .11. The bcsinning ol ' the proof based on (hc ir lci t  of 'grouping
the evcn nunrltcr o{ ternrs in the sccond làctor-.

Figure l l-r.4. \\1-itten rvolk i l lr.rstr-atinq thc ploof rhar (.\ + l) is :rlrvirvs a l lctor-of'
r-" * I l i l-evcn yalucs ol rr ) 2.

cvcl l  ??s i r r  r ' r  -  l ,  t l rc r t t r t r rbcr of ' terrns i t r  thc seconcl  fzrctor,rv:rs cveu- TIrrrs
thc tcrttrs ttf this sccotrcl factot'coulcl be groupccl pairrvisc, yiclcling i l conl-
t t rot t  f t tctot  <>l("v + l ) .  Scc l i igurc 15.4 for  t l rc rvr i t tcn rvork rrndcr 'p inrr inu,

Explain why (x + l) is a.lmys a factor of r, - I for cvco value of a ) 2.
\^.Èôc^ n \s affi^ rr\q\.tr l*"* \, o-Lqà5
4r eucn yu.r* bc- " r+væ
l,racql o,.\D J,\! 

K t^ l1't 76c4

^\ iûe.5.- ,6-  
{<.  

usuat l r  r )  Fn^'

r^  l -  i ' *F \ ' ' \L (  t  + r)  4-aTa") ^ /,.rk-
/ r - \  

:  , (1. ] ) (x '*v 
b* a" x1 *  X'-r  x.  + 

"  -  , ):  (x- \ )  txt(xr , )^1r, , f i . , , )  txr(y*t)  .1f^r , ,7
-8-, / [ .xr  t )  t  ] ' *  x,  *  x.  +\  ): ty*r) ty +r)  (  4r ' ( r ,_,r ! / tn,u, i
t ( r - r l (x+))Cyz + r11aq-o î )
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Figr.u'e lir.5. Piu't o('a urore scnelal notation (br the "grotrping" proof.

ancl extcncl ing, the pl 'esel l tat iotr at the b<>at'd. Part o[ i t  nlorc general
notir t i<xr fbl thc g-lroolrvas acldecl by thc teacher (sce l i igtrte l5. l t) ,  but thc
elegçant sirnpl ici tv ol ' the proof hacl ah'eady bcen appreciated by nrarty ir t
the cl:rss-as rvcl l  as by t lrc teacher ancl the researchet-obsetrcrs.

CONCLUDING REMARKS

\'Ve ollcr tlrc activity dcscr-ibccl herc as an illustr-ation of a prodllctivc \\' i l1'
t<l integlatc CAS into nr;rt l lclnatical activitv that at once clrarvs upoll stLl-
clcnts' prior knorvlcclsc ancl skil ls anrl ptrshes tltenr to reflect ott and trse
tlrcse in a nlallncl ' that r{<les beyr>nd tlre usrral for thc high school context.
l ixlrn <nu'l)cl-spcctivc, in tlr is activity t lre CAS.ftrnctioncd trs a gctrcr':rt<lr of
l : rctor izat ions of  cxprcssions of ' thc l i r rm.y" -  r ,  fof  d i l fercnt  valucs c l { ' t i .

' fhis lrrnction, t()gcthel' n' ith thc iurportant lecprirenrent [hat stl lclents
rcconcile tlreir orr'rr paPcr'-ancl-pencil n'ork rvith the rcsults proclucecl by
tlre CAS, pxrviclcd it ir iurpetus fbr their ge ncrati l lg conjccturcs abor.rt thc
lolnr ol ' thc r ;<lnrplctc lactol izat ion ol- . \ - ' r  -  1.  1 'h is,  in t t t ru,  o l ' icr l ted stu-
dcnts to clabolate a general relationship and to lblrnalizc that relatiot'r-
ship.  l t  a lso lccl  scvcral  o[- t l rcnt  to l lnd a way of 'pnrving that ( r  + l )  is
alrvals zr l irctor o1.'-" - I {or cvcn values of rz 2 2, rvith n<ii 'cl rrretlrocls tltat
intcrtrvirrccl lrotlr t l .rc corrccpttral and technical knorvledge thirt had bccn
cleveloper l  tht-orrgl torr t  t l rc : rct iv i tv.
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'l-bc coupling of stuclerrts' attentiol-r to tl ie fbrms 1;r'ocluccd bv the CAS
itt ccltnpnrison t() t l leir txr'tr purdtrctions, wc al-Sue, hclped constittrte
these fot'ms :rnd their strLlctul 'c as olrjects of explicit rcflectiorr arrd class-

- l-(x)l l l  cl iscussiott. We hasten to adcl that this fnnctiorr \\ ' i ls not irrhcrent tt.r
the CAS, but t 'atltcr rvas intposed on it u' ithin thc context of the total
irrtcnclecl activit)r. Itt other n'<lrds, that t lre CAS scryccl t6is fr.rtrcti<>' rvas
'r 'ct1' tnttclt alr itrtetrcled rCesign fcattrrc o{- the acti\, i ty. It is in this tvay that
u'c viov thc (lAS as a didactical tcnl.
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NOTES

l. \\rc t lse the tclnr lr i.Vi to rclèr-to a singlc (plestior) (u'ith possibly one ol-t\ro
srt lr t l t test iotts) ancl the tct 'nr la.rÀ-.çi l i rat iott  <>t ' tr t i i , i t l  to rclcr to ân exten(lccl
sct cl I  t l tcst iorts t 'el ; t tct l  t<.r i r  givcn central l lsk ()r mathcnrlt ical i r lca.

2. Iu thcse activi t ics, t l te assrttuption l ' i ' rs nrnrlc t i rat I : lctol ' ing t 'ould bc ovcr
l l t t '  : t ' t  r r l  i r t tcg-ct  s.

3. \ \ Ie rr ' ish to ackrtorvlct lec in 1;alt icrr l :rr  thc contr- iblrt ion ol ' l t lnanrlo l l i t t  to
t lre <lcsi lrn oI the elaboratecl velsion of rhe b:rsic t i lsk rcJ)() l ' tc( l  b1' l ,auranrc
(2(X)3).

4. Irverv activi ty l l t :r t  l ' ls r lcvelopccl hlc[ a sturlcnt r,er-sion, a tcacl lcr vcrsiorr
that inclut lccl i r lcas {br classt 'oont cl isctrssions, arrcl an îns\\ ' t : l 'kcy that coulcl
bc givcrr to stt tclctt ts af icl  tr 'c had col lcctcd thcir at: t i r , i ty shccts l i rr  usc as
ottc ol ottr ( lat i t  sotrr-t .cs.

5, \ \ 'c cxprcss t>ttt '  a1l l t t 'cciat iotr to t l ic stuclcnts ancl tclchcl o{ '  thc class
rcpor-tcr l  hct 'ei tr .  1'hcv gracclt t l lv i tcttrmruoclatccl al l  ol 'our- r ' i r lcrrt :r1t irr, t .
ol tsct 'r , ing, utrcl i tr tet 'r ' icrvitrq ovcl a pcr- iod ol 'scvclal nronti ls. \ \ 'e iu-c glatc-
Itr l  to' l i 'xas Itrstnrnicnts i i rr  prnvicl ing thc calculatols uscrl  in our strrr lr , .
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APPENDIX

Activity 6: Factoring

PaÉ |  (Paper & Penci l ,  and CAS): Seeing Patterns in Factors

l .  (a) Bcfcr le trs irrg yr i rrr-calctr lator;  t ry t()  recal l  the Factor iz iLt ion 9f 'e;rc[
algebraic expr-cssion l istccl  in t l re lc l i  colur-nn of this tablc:

l. (b) l 'er'fonn the inclic:rtcd operations (trsing papcr ancl pcncii)

(" t - l ) (s+l)

( r - lXrY+r+l)

2. (a) \ ' \/ i t lrotrt cloing any alecbraic rnaniyxrlati<in, anticipatc tlre r-csult oI
t l rc fo lk rrr ' i r rg plorhrct  :

( . r  -  l ) ( . t : t  +.r2 +.r  + l )

2.  ( l l )  vcr i {y thc ant ic iPatcd rcstr l t  abovc trs ing paper-  ancl  l :cnci l  ( i r r  thc
box l;el<xv), ancl thcn using thc calculator.
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'.).  (cl) I- l rxv <lo votr cxplain t lrc { irct that thc l i r l loivins
bi t torrr ia l :  t i r 'o l i i r tonr i : r ls ,  a l t i r ronr ia l  n ' i t l r  a t r i r rornial ,
l  r l r r r r t l l i r rorrr i r r l i

pr<lclucts r-cstrlt irr u
arrc i  a binonr ia l  r r , i t l r

2. (e) On tltc l>asis ol the cx1'r-t-essiotts rr 'c havc frnrrrcl so [ar; 1>r'crl ict a lac-
tol izat iorr  of ' t l tc  expre ssion xr -  1.

2.  ( l )  l .xplaiu r th, \ , . t l rc prucl t rct  ( r - i ) (x l5 + r l '1 +,r l : i  +
uivt 's  t l rc rcsrr l t  r  " ' -  l  :

+ rz +.v *  l )

2.  ($)  Is vorrr  cxpl ; r r r l t iorr
i r r ' ' iv-  l )  ( \ l3 l  + r- l : t : i  +

Irxplain:

(in (l), above) also r,alid l i ir
r "132+.. .+x2*r* l )= .Tll,i-";'J'"'"r 

u cclttit | -

2.  (c)  What do the l i r l lorv i r rg
i r lso,  l r<xt  do t l rey r l i l lcr  ?

(r-  l ) ( . r  + l ) ,  ( . r -  lXtz

tht'ee explcssi<trrs.lurve in conturon? Ancl,

*r  *  l ) ,ancl  (x-  lX. t : t  +.r2 + r  + l ) .

( l l : rssloont c l iscrrssi<ln l i r l l t l rv ing Quest ion 2r l

Fnr I ori ur I i ott t r si n g p!!p1111n I lx: t t t i I
l.I: ri.lim I iort. r t.ti rtg l'A O'l-0 ft
(:hott re.wll disllalerL by tht Ç)!)

.rj - /r l l

..2 I

r : t - |

Cil:rssr-oorn clisctrssion ol' l)art I. Ia

Classr-o<rm cliscussion of l 'art I. #1 #2
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Part l l :  Toward a General izat ion
(Activity With Pape r & Pencil and With Calculatorl

I I (A) I  .  In this act iv i tv cach l ine o[ ' the tal>le bcklrv urnst be t l l lccl  iu conr-
pletelr,(all tlrrcc cclls), otrc r'o\v at a tinrc. Stirlt l i 'orn the tolt lrlrv (thc cclls
of tIre tlr lcc coltrrnns) attcl lvor-k ),oLll ' \vay cl<xvn.

Il, l i lr a givctt r<lrv, t ltc resttlts in tlre lc{t and rniddle coluurns rl i l}èr; r-ccon-
ci lc thc t r to by using uleel l r - ; r ic  nraniPr,r lat i ( )ns in thc r- ight  h;rncl  c:olutrrr .

II.(A).2. Conjectru'c, in gcnclal, f i l-rvhat nurnbcls n rvil l  the l irctt>r-izution
ol  . t ' " -  I :

i) crlntain exactly nvcl {irctols?
ii) contain nrole thau trvo fhctors?

ii i) irrcltrclc (.v + l) us a f:rctor'.,

l ' lcase explain:

Cilassxrorn clisctrssiorr r>l- l)art II A
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Paft  l l  Cont inued (With Paper and Penci l ,  and With
Calculator)

I I ( l ] )  I .  As l  i th l ' i r r t  A abovc, each l ine ol ' thc t : rb lc bcklv nrrrst  l le f i l lecl  in
conrpletclv (all t lr lcc cells), clne l 'ow irt a tinte bcli i lc prrlccerling to thc
ncxt l'o\v. St:u't {i'on.r tltc top nxv arrcl rvrlrk yoLrr \\,a)' dorr,lt.

I1, f<ir a givctt rou', thc rcsr-rlts in the left and miclclle colunrns dil lèr, lrcon-
cilc the nvo bv using algebraic rnar-ripulati()ns in tlrc r-ight h:rnd colunrn.

IL(B).2. On thc ltasis o[ pattel 'ns yotr obsen'c in thc
revisc (if necessar-1') y'our conjecttrre fxtnt l 'alt A. ' l-hat
l;crs ri rvil l  the factorization of x" - l :

i) cont:rin cxactl) trco factols?
ii) contaiu mcn'e tharr n\'o factors.,

i i i) inch-rcle (r + l) as a lactor'-.,

I t lease cxplain:

table I I .B abtx,e,
is,  l i r r  n ' l rat  nurn-

II.(C). l l l i t lraul lf.vnsïorr.r culcrtlator, Alls\vcl 'thc [olkxvirrg (lucstions:

l .  Doesx2(x) l -  I
i) c<lntairr nrolc tlrern tu'o I:rctors?
i i )  inclrrc le (r  + l )  as a factor?

l' le:rsc exltl:r irr:

bi r t I u r i :t t ! i t, t t t t ; i I ! ! l!JlJj_]__!!_L1_
hett r i l

l ic.s u I I ln tnl ur:t:tl lrt l.';l ( : f ( ) tt (hlt:tr lntion kt rttottt: i lr l l tt l trto
i.[ nect:s:ary

.r ' ' -  I  =

-t,

-J I  *

" t t ' -  l=

l-i t t ! u r i : r t I i r t t t u : i t t !: l.!.Ll!!_:!J.!l_
ln'tr t i l

l lesull prothrretl 14 |'Â(fOI!
(tùtill(tttd

Oalrtrlnlion lo n'tonti lt lhc tito
i. l nettssary

s,

r l )  *  I  =

rr0 _ l  =

rl l - l

r l : l  -  I  =



Classroom discussion of Part  l l  B and C

Part  l l l :  Chal lenge

Conceptual and Technical Knowledge Codevelopment 413

9. f)ocs .": i{){)J - 1
i )  contain nrolc t l r l r r  h lo factorsj
i i )  inclut lc (r  + l )  as a fzrctor '?

l ) lcasc cxpl l i r i :

l l .  l)ocs .r8r):i - I
i )  corr ta i r r  l t tc l l -c t l rarr  t rvo l : rctors?
i i )  inclur lc (x + l )  as a lactor-?

l ' lcasc cxpl : r i ru
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