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Abstract:Any continuous bivariate distribution can be expressed in terms of its margins and a unique cop-
ula. In the case of extreme-value distributions, the copula is characterized by a dependence function while
each margin depends on three parameters. The authors propose a Bayesian approach for the simultaneous
estimation of the dependence function and the parameters defining the margins. They describe a nonpara-
metric model for the dependence function and a reversible jump Markovchain Monte Carlo algorithm for
the computation of the Bayesian estimator. They show through simulations that their estimator has a smaller
mean integrated squared error than classical nonparametric estimators, especially in small samples. They
illustrate their approach on a hydrological data set.

Un estimateur bayésien de la fonction de dépendance
d’une loi des valeurs extrêmes bivariée
Résuḿe : Toute loi bivaríee continue peut s’écrire en fonction de ses marges et d’une copule unique. Dans
le cas des lois des valeurs extrêmes, la copule est caractériśee par une fonction de dépendance tandis que
chaque marge d́epend de trois param̀etres. Les auteurs proposent une approche bayésienne pour l’estima-
tion simultańee de la fonction de d́ependance et des paramètres d́efinissant les marges. Ils décrivent un
mod̀ele non paraḿetrique pour la fonction de dépendance et un algorithme MCMCà sauts ŕeversibles pour
le calcul de l’estimateur bayésien. Ils montrent par simulation que l’erreur quadratique moyenne intégŕee
de leur estimateur est plus faible que celle des estimateurs classiques, surtout dans de petitśechantillons.
Ils illustrent leur propos̀a l’aide de donńees hydrologiques.

1. INTRODUCTION

Multivariate extreme-value theory is concerned with distributions related to the componentwise
maximums or minimums of a given random sample. The subject has received considerable atten-
tion in the past literature with applications ranging from finance to telecommunications and envi-
ronmental studies. Environmental studies, earthquakes, volcanic eruptions, tsunamis, landslides,
avalanches, windstorms and sea levels are examples for which extreme-value theory is used in
practice. In this paper the authors will present an example in hydrology, where weekly peak
flows at hydro-stations were collected over long periods of time and maximums were recorded.
Extreme value distributions are appropriate modeling tools for these maximums since they cor-
respond to their distributions in the limiting case.

In general, a bivariate distributionFX,Y is completely characterized by its marginal distrib-
utionsFX , FY and its dependence functionC called the copula. More precisely, we have the
representationFX,Y (x, y) = C{FX(x), FY (y)}, for all x, y, whereC is uniquely determined
on Ran(FX) × Ran(FY ); see Nelsen (1999). In particular, the copula is unique if the random
variablesX andY have continuous distributions.

Bivariate extreme-value distributions arise as the limiting distributions of rescaled compo-
nentwise maxima. It can be shown (Deheuvels 1984) that theseare characterized by
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• their marginal distributions, which are themselves univariate extreme-value distributions

Fµ,σ,ξ(x) = exp

[
−

{
1 + ξ

(
x− µ

σ

)}−1/ξ]
, 1 + ξ(x− µ)/σ > 0, (1)

where−∞ < µ, ξ < +∞, andσ > 0. These are respectively known as the Gumbel
(ξ = 0), Fréchet (ξ > 0), and Weibull (ξ < 0) distributions.

• a unique extreme-value copula

C(u, v) = exp

[
log(uv)A

{
log(u)

log(uv)

}]
, for all u, v ∈ [0, 1], (2)

whereA satisfies the dependence function conditions, i.e., a real-valued convex function
with max(1 − t, t) ≤ A(t) ≤ 1, for all 0 ≤ t ≤ 1.

The particular scaling sequences used for weak convergenceof the componentwise maxima af-
fects only the location and scale parameters of the margins.

The functionA is called the Pickands dependence function. The upper boundA ≡ 1 cor-
responds to the independence copula:C(u, v) = uv, for all u, v ∈ [0, 1], while the lower
boundA(t) = max(1 − t, t), for all 0 ≤ t ≤ 1 corresponds to the comonotone copula:
C(u, v) = min(u, v), for all u, v ∈ [0, 1].

The existing literature presents various nonparametric estimators for the dependence func-
tion, e.g., Pickands (1981), Tawn (1988), Tiago de Oliveira(1989), Deheuvels (1991), Capéràa,
Foug̀eres & Genest (1997), and Hall & Tajvidi (2000). The reader isreferred to Abdous &
Ghoudi (2005) for a complete review.

For finite samples, the proposed nonparametric estimators in the literature are generally not
dependence functions themselves, do not look smooth, or do not have good convergence rates;
see Hall & Tajvidi (2000) or Beirlant, Goegebeur, Segers & Teugels (2004). If these estimators
are used without any further modifications, one can obtain poor results. Abdous & Ghoudi (2005)
present several artifacts applied on the initial estimatorto circumvent some of these problems,
such as using convex hulls and applying constrained smoothing on the estimated curve.

Moreover, many authors have constructed estimators for thedependence function while con-
sidering the marginal distributions as known. Since we are mainly interested in the dependence
structure, as is common practice, we first estimate the marginal distributions and then plug in the
estimates as the true margins thereafter. Capéràa, Foug̀eres & Genest (1997) discuss the need to
develop estimators that handle the realistic case of unknown marginals in a better way.

On the one hand, the classical estimators of the dependence function are developed for their
asymptotic behavior. On the other hand, it is necessary to modify them whenever the sample
size is finite, which is cumbersome. The aim of this paper is topropose a Bayesian model which
satisfies the regularity conditions associated with the dependence function. The model enables
the estimation of the marginal distributions and the dependence function simultaneously, instead
of relying on a plug-in method. A Markov chain Monte Carlo algorithm to compute the esti-
mator is given. Most importantly, the new approach should give a low mean integrated squared
error. The main idea is to exploit the geometry of the problem. In an algebraic perspective,
Kl üppelberg & May (2006) have characterized all of the polynomials associated with depen-
dence functions. Here, we are going to explore the space of dependence functions via convex
interpolations within a Bayesian framework. Finally we will give an application of the method
constructed in this article and we will make predictions.

2. THE MODEL

In the first part of this section, we propose a nonparametric model for the dependence structure
in expression (2), assuming that the marginal distributions are known, and propose a Bayesian
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estimator for the dependence functionA. In the second part, the known marginals assumption
is relaxed, and we propose a simultaneous estimation procedure for the Pickands dependence
function and the marginal distributions.

In the following, we assume that the variableX is distributed according to a univariate
extreme-value distributionFµ1,σ1,ξ1

, Y is distributed according toFµ2,σ2,ξ2
, and the vector

(X,Y ) has a copula given by expression (2). LetU = Fµ1,σ1,ξ1
(X) andV = Fµ2,σ2,ξ2

(Y ).
It follows thatU andV are uniformly distributed while the joint cumulative distribution function
is also given by expression (2).

2.1. Known-margin case.

2.1.1. The approximation space.

LetD represent the space of dependence functions. HereD is infinite dimensional, so in the same
spirit as the smoothing splines methodology used in nonparametric regression, we define a2K-
dimensional approximation subspaceΛK , parameterized by vectors of interpolation pointsθ,
which is then used to approximate the true dependence function. More precisely, we let

ΘK =
{
(θ1, . . . , θK) ∈ IR2K : θi = (ti, A(ti)), i = 1, . . . ,K, 0 = t1 < · · · < tK = 1,

for a strictly convex dependence functionA
}
.

In the following, the abscissasti, i = 1, . . . ,K are called knots. Forθ = (θ1, . . . , θK) ∈ ΘK ,
letA be a strictly convex dependence function such thatθi = (ti, A(ti)), i = 1, . . . ,K, and let

Dθ = {ϕ ∈ D : ϕ(ti) = A(ti), i = 1, . . . ,K}.

We have the following approximation result; see Thakur (1978):

sup
A∈D

inf
θ∈ΘK

sup
ϕ∈Dθ

‖A− ϕ‖∞ ≤
1

2(K − 1)
. (3)

Consequently, the choice ofθ ∈ ΘK is critical here, while the particular choice of a represen-
tativeϕ ∈ Dθ is free. On the other hand, ifϕ ∈ Dθ is sufficiently smooth, then(U, V ) has a
density. Therefore, for everyDθ, we shall select a smooth representative. Such a construction is
provided in Appendix A. NowΛK is well defined.

2.1.2. The Bayesian estimator.

It is very convenient to treatK as a parameter. The space of parameters is then given by

Λ =
U⋃

K=L

{K} × ΛK ,

whereL andU are lower and upper bounds forK. Here,K is modeled as a discrete uniform
distribution on{L, . . . , U}. Now, givenK, the prior model onΛK is given by specifying a
uniform distribution overΘK . In this Bayesian framework, our prior distribution servesmainly
as a tool rather than subjective beliefs regarding the dependence curves distribution.

In order to numerically evaluate the Bayesian estimateÂB for A, a Markov chain is con-
structed in Appendix B. The Bayesian estimate

ÂB(w) =

∫

Λ

ϕπ(dϕ p w), (4)

(wherew = (u1, v1), . . . , (un, vn) is the sample), is the average of the dependence curves gen-
erated by the Markov chain. A key tool for exploring the parameter space is a reversible jump
algorithm as in Green (1995). The idea is essentially to use aproposal kernel which allows
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moves within a particular subspace of vectors of interpolation points with identical dimensions
and jumps between subspaces of vectors of interpolation points of different dimensions.

In our model, the upper boundU could theoretically be made infinite, giving the nonparamet-
ric nature of our approach. However, we assume a finite support for K, so the lower and upper
bounds for the number of knots should be investigated. First, we know by expression (3), that
any curve inD can be approximated arbitrarily well in the sup-norm providedK is large enough.
On the other hand, many knots can evidently reduce flexibility in the chain, slowing down the
convergence. Also, we should consider the amount of data available: if the sample size is small
and there are many knots, then the prior may have too much influence over the posterior.

2.2. Unknown-margin case.

More realistically, if the parametersΞ1 = (µ1, φ1, ξ1) andΞ2 = (µ2, φ2, ξ2) are unknown, where
φi = log(σi), i = 1, 2, then the Bayesian estimator in expression (4) is extended as follows.
As suggested in Coles (2001), we consider the individual prior distributionsπΞi

= πµi
πφi

πξi
,

i = 1, 2, whereπµi
, πφi

andπξi
are Gaussian with zero mean and variances104, 104 and 100

respectively. The Bayesian estimator we suggest(Ξ̂1, Ξ̂2, Â) is determined by the product prior
π = πΞ1

πΞ2
πϕ, and the reversible jump algorithm described in Appendix B is easily adapted

for its computation. In particular, the parameter spaceΞ1 × Ξ2 of the marginal distributions is
explored using a Metropolis–Hastings random walk.

(a) Models 1–5 (b) Models 6–10

(c) Models 11–15

FIGURE 1: The dependence curves used as the true models in the simulation.

3. SIMULATION EXPERIMENT

In order to compare the performance of our estimator with classical competitors, an extensive
simulation was carried out using artificial data. The margins used for the simulation were both
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standard Gumbel, and as true dependence functions, we used the same parametric model as
Caṕeràa, Foug̀eres & Genest (1997), i.e., the asymmetric logistic family

Ar,α,β(t) = 1 − β + (β − α)t+ {αrtr + βr(1 − t)r}1/r, 0 ≤ α, β ≤ 1, r ≥ 1.

TABLE 1: Relative mean integrated squared error of the CFG estimator (C), Hall& Tajvidi’s estimator (H)
and Deheuvels’ estimator (D), as compared with the Bayes estimator, in theknown margins case. The

simulation is based on 1000 experiments.

n = 10 n = 25 n = 100

Model r, α, β C H D C H D C H D

1 1.25,1,1 0.27 0.16 0.20 0.25 0.18 0.19 0.39 0.31 0.29

2 1.5,1,1 0.24 0.18 0.18 0.56 0.45 0.36 1.45 1.10 0.92

3 1.75,1,1 0.74 0.63 0.48 1.36 1.10 0.74 2.23 1.72 1.14

4 2,1,1 1.50 1.39 0.81 2.21 1.84 1.06 3.24 2.31 1.21

5 3,1,1 6.04 6.46 1.60 6.02 5.06 1.40 5.19 4.39 1.15

6 1.25,0.9,0.5 0.56 0.32 0.41 0.55 0.33 0.38 0.39 0.30 0.30

7 1.5,0.9,0.5 0.27 0.17 0.22 0.27 0.21 0.22 0.42 0.34 0.32

8 2,0.9,0.5 0.20 0.16 0.17 0.38 0.30 0.28 0.68 0.53 0.47

9 3,0.9,0.5 0.35 0.29 0.26 0.51 0.42 0.37 0.66 0.50 0.43

10 5,0.9,0.5 0.44 0.34 0.33 0.51 0.41 0.36 0.56 0.42 0.38

11 2,0.75,0.95 0.39 0.38 0.31 0.68 0.59 0.46 1.13 0.90 0.69

12 2.5,0.75,0.95 0.74 0.72 0.52 0.96 0.88 0.63 1.18 1.08 1.08

13 3.25,0.75,0.95 1.02 0.94 0.61 0.96 0.86 0.56 1.04 0.84 0.56

14 5,0.75,0.95 0.98 0.97 0.62 0.76 0.61 0.43 0.86 0.63 0.44

15 10,0.75,0.95 0.65 0.63 0.40 0.46 0.31 0.23 0.87 0.62 0.45

This family is known to be flexible enough to cover a wide rangeof dependence functions for
bivariate extremes. We considered fifteen different levelsof the parametersr, α andβ; the
corresponding dependence curves are plotted in Figure 1. Here, r is a dependence parameter
with complete independence whenr = 1, while α andβ are the asymmetrical parameters with
complete symmetry whenα = β = 1. For each level of the above parameters, 1000 data sets
representing samples of sizes 10, 25 and 100 were generated.The aim of the simulation study
was to evaluate the relative precision of the estimator in terms of mean integrated squared error,
first in the case where we assume the marginal distributions are known, and then in the more
realistic case where the margins are unknown. The classicalcompeting estimators considered
were the ones proposed by Capéràa, Foug̀eres & Genest (1997), by Hall & Tajvidi (2000) and
by Deheuvels (1991). These estimators are known to perform well in many situations, although
the Caṕeràa–Foug̀eres–Genest estimator is known to dominate the two others. For these esti-
mators, convex hulls were computed in order to meet the regularity conditions associated with
dependence functions, and in the unknown margins case, maximum likelihood estimates were
plugged-in. Concerning our estimator, the total number of iterations used in the Markov chain
Monte Carlo procedure was 150 000, the initial state of the Markov chain comprises a set of 10
individual interpolation points on the symmetrical dependence curveA2,1,1, and in the case of
unknown margins, the maximum likelihood estimates were taken as the initial parameters for the
margins. Tables 1 and 2 show the relative mean integrated squared error of the competitors as
compared with our estimator in the known and unknown marginscase respectively. The relative
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mean integrated squared error is given by

E

[∫ 1

0

{ÂB(t) −A(t)}2 dt

]

E

[∫ 1

0

{Âc(t) −A(t)}2 dt

]

whereÂB is the Bayesian estimator and̂Ac is the competitor estimator.
In the Bayesian setup, the reduction in mean integrated squared error is big for small sample

sizes. The reduction continues, in most cases, for moderateand large sample sizes. The size
of the reduction depends on the model. From Tables 1 and 2, we see the Bayesian estimator is
always better in Models 1, 6, 7, 8, 9, 10, it is better most of the time in Models 2, 3, 11, 12, 13,
14, 15, while the competitors are definitely better in Models4 and 5. Figure 2 shows estimates
for 200 experiments with samples of sizes 25 generated from the asymmetric modelA1.5,0.9,0.5,
under the known margins assumption, and Figure 3 shows the corresponding estimates in the
unknown margins case. A remarkable feature illustrated in this figure is the curvature of the
Bayesian estimator.

(a) Bayes estimates (b) CFG estimates

(c) Hall and Tajvidi estimates (d) Deheuvel estimates

FIGURE 2: Estimates for 200 experiments treating samples of sizes 25, each generated from the model
r = 1.5, α = 0.9 andβ = 0.5, under the known margins assumption. Light grey lines represent the

estimates, while thick solid lines represent the truth.
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TABLE 2: Results in the unknown margins case. The simulation is based on the samedata sets.

n = 10 n = 25 n = 100

Model r, α, β C H D C H D C H D

1 1.25,1,1 0.31 0.24 0.24 0.30 0.25 0.25 0.40 0.35 0.35

2 1.5,1,1 0.12 0.17 0.17 0.37 0.39 0.39 1.26 1.18 1.18

3 1.75,1,1 0.25 0.48 0.48 0.84 0.98 0.98 2.01 1.86 1.86

4 2,1,1 0.45 1.12 1.11 1.52 1.62 1.62 3.01 2.44 2.44

5 3,1,1 0.89 3.92 3.72 4.37 4.82 4.80 6.07 4.35 4.35

6 1.25,0.9,0.5 0.89 0.51 0.51 0.86 0.57 0.57 0.57 0.45 0.45

7 1.5,0.9,0.5 0.32 0.26 0.26 0.32 0.28 0.28 0.48 0.43 0.43

8 2,0.9,0.5 0.15 0.18 0.18 0.31 0.33 0.33 0.72 0.62 0.62

9 3,0.9,0.5 0.21 0.32 0.32 0.47 0.50 0.50 0.74 0.70 0.70

10 5,0.9,0.5 0.30 0.46 0.47 0.56 0.61 0.61 0.65 0.65 0.65

11 2,0.75,0.95 0.20 0.30 0.30 0.53 0.57 0.57 1.14 1.07 1.07

12 2.5,0.75,0.95 0.34 0.67 0.67 0.82 0.93 0.93 1.19 0.94 0.62

13 3.25,0.75,0.95 0.45 1.05 1.04 0.99 1.11 1.11 1.02 1.03 1.03

14 5,0.75,0.95 0.52 1.29 1.28 0.99 1.09 1.09 0.76 0.79 0.79

15 10,0.75,0.95 0.51 1.31 1.30 0.66 0.73 0.73 1.32 1.44 1.44

(a) Bayes estimates (b) CFG estimates

(c) Hall and Tajvidi estimates (d) Deheuvel estimates

FIGURE 3: Estimates for 200 experiments treating samples of sizes 25, each generated from the model
r = 1.5, α = 0.9 andβ = 0.5, under the unknown margins assumption. Light grey lines represent the

estimates, while thick solid lines represent the truth.
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4. APPLICATION TO A HYDROLOGICAL DATA SET

Companies desiring to build new hydroelectrical structures are concerned with statistics regard-
ing extremal events such as floods and storms since they greatly influence the design of new
power sites. In particular, as described in Favre et al. (2004), much interest is devoted to annual
peak flows of neighboring hydrostations. Hydro-Québec is a public company that produces and
distributes electricity throughout the province of Québec. The company is constantly planning
new hydroelectrical works and their architecture depends on maximal flows. They have provided
us with data from six of their hydro-stations and were interested in the dependency structure be-
tween these stations for classification and future predictions. More precisely, the data represent
42 annual maximums (from the years 1961 to 2002) of weekly peak flows (m3/s), from stations
located on the map in Figure 4. Of course weekly measurementsare correlated and so exact
mathematical assumptions underlying the limit theorems from classical extreme-value theory
are unverified. As mentioned in Coles (2001), the types of data to which extreme-value mod-
els are applied rarely satisfy temporal independence. However, independence of the maximums
remains a reasonable assumption implying similar asymptotic conclusions; see Falk, Ḧusler &
Reiss (2004).

FIGURE 4: Geographical locations of Quebec’s main watersheds.

For environmental studies in general, it is usually the casethat the number of years for which
the maximums are observed is rather small. Also, in view of the increased presence of global
climate changes, Hydro-Québec has decided to focus on recent data only. In recent studies, it
has been observed that the map seems to be divided into three main regions, north west, north
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east and south, each of which shares similar climatic and physiographic conditions. Thus, we
should expect to find a high dependency between stations in the same climatic regions but low
dependency between stations in different regions. We computed the Bayesian estimates for the
dependence functions and compared them with the classical estimators considered in the simula-
tion described in the previous section. We noted that the Deheuvels estimates were very similar
to those of Hall & Tajvidi (2000), and so we have decided not toinclude them here. The results
were as anticipated: weak dependency was observed between stations from different climate
zones and stronger dependency between stations located in same climate zones.

(a) LaGrande 4 vs Manouanes (b) LaGrande 4 vs EOL

FIGURE 5: Dependence function estimations for stations LaGrande 4 and Manouanes, and for stations
LaGrande 4 and EOL. The solid line is the Bayesian estimate, dashed line the CFG estimate, and dotted

line the Hall estimate.

Figure 5 shows the results we obtain in two cases, that is for stations LaGrande 4 and
Manouanes, which are respectively in the north west and south regions, and for stations La-
Grande 4 and EOL, which are both in the north west region. In the first case, the CFG and Hall
estimates resemble each other in shape and magnitude, in particular, both of them are asymmet-
rical and exhibit a discontinuity in the first derivative. Onthe other hand, the Bayesian estimator
seems symmetrical and shows slightly stronger dependence than the competitors. Interestingly,
in the second case, the CFG and Bayesian estimator resemble each other, while the Hall estimator
seems to indicate much stronger dependence.

(a) LaGrande 4 vs Manouanes (b) LaGrande 4 vs EOL

FIGURE 6: 95% predictive bands for stations LaGrande 4 and Manouanes, andfor stations LaGrande 4
and EOL. The dotted line is the predicted estimates.

Finally, the Bayesian approach is particularly well suitedfor making predictions. This could
be of interest for planning the allocation of resources in the future. For instance, Hydro-Québec
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wants to know what is going to happen at other stations if the measurements reach a certain
level at a given station. In other words, what are the conditional distributions? In Bayesian
terminology, the answer is given by the predictive distributions. Letz = (x1, y1), . . . , (xn, yn),
be the past yearly maximum flows from two stationsA andB. We want to predict next year’s
maximum flowY at stationB, given that the maximum flowX at stationA has reached the
level x. In order to do this, our algorithm for the unknown margins case is simply used to
numerically evaluate the mean and 95% quantiles of the predictive distribution

m(y p z, x) ∝

∫

Ξ1×Ξ2×Λ

f(z, x, y |Ξ1,Ξ2, ϕ)π(dΞ1, dΞ2, dϕ),

whereπ is the prior andf( · |Ξ1,Ξ2, ϕ) is the joint density distribution ofz, x, y when the para-
meters are known. Figure 6, shows the results obtained for stations LaGrande 4 and Manouanes,
and for stations LaGrande 4 and EOL, stationA being the LaGrande 4 station in the general
context just described. As anticipated, in both cases, the strength of dependency between sta-
tions is reflected in the shape of the predictive estimates. In the LaGrande 4 versus Manouanes
case, the lower tails of the predictive distributions are not affected by the measurements at the
LaGrande station, while the upper tails are more sensible especially for large values of the mea-
surements at the LaGrande station. In the case of the LaGrande versus the EOL station, there is
clearly a dependency in the predictive estimates. This dependency is almost linear. The disper-
sion increases for the predictive distributions at the EOL station when the measurements at the
LaGrande stations are large.

5. DISCUSSION

A Bayesian approach to this problem turns out to be very appealing for many reasons. First,
it enables simultaneous estimation of the dependence function and the parameters defining the
margins in a natural way. Secondly, it produces nice smooth estimates and in most cases, reduces
the mean integrated squared error as compared with other asymptotic approaches, even if the
sample size is 100. The approach exploits the geometry of theproblem and allows us to make use
of all the information given by the sample. For example, in the known-margin case, the classical
estimator from Caṕeràa, Foug̀eres & Genest (1997) is based on transforming the bivariate couple
(U, V ) into a univariate statisticZ, which they call a pseudo-observation. The authors exploit
the fact that the distribution ofZ involves the dependence functionA through a nice differential
equation. On the other hand,Z is not a sufficient statistic, so the authors have chosen to discard
useful information in order to obtain tractable asymptoticexpressions for their estimator.

One special feature of our algorithm is the construction of aconvex and continuously dif-
ferentiable interpolating curve. Notice that working withpolynomial splines involves quite a
complicated algorithm. It is known that convex spline interpolation, with degree independent
of the interpolated points, may be impossible, see Passow & Roulier (1977). In fact, Costantini
(1986, p. 210) writes “. . . it is shown in Passow & Roulier (1977) that, if convex interpolation is
desired, then the data can force the degree to be very large, and this fact is inherent in the nature
of convex spline interpolation.” Our approach circumventsthis problem.

Finally, the method developed here opens the door to furtherwork. Unfortunately, there is
a certain downside to our method. In fact, the estimator shows some weaknesses when the true
dependence curveA is near the boundary. This is due to our choice of prior model and of our
estimator, which do not favor such dependence curves. However, in practice the statistician is
usually aware beforehand when such situations occur and a different prior model should then
be considered. In a theoretical perspective, it could be interesting to compare the asymptotic
behavior of the estimator with the classical ones. Also, thegeneral multivariate case remains
to be further explored. Recently, Zhang, Wells & Liang (2008) have generalized the classical
estimators discussed in this paper to the multivariate case. In our framework, a model using
constrained hyper-surfaces might be envisaged but may be difficult to construct: the problem
was already challenging in the bivariate case!
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APPENDIX

A. Smoothing procedure.In this section, we give an explicit choice for a particular representative
ϕ ∈ Dθ such that the copula (2) possesses a density with respect to the two-dimensional Lebes-
gue measure. Sufficient smoothness conditions imposed onϕ for the existence of such a density
are the continuity of the first derivative along with the existence (except at finitely many points)
and boundedness of the second derivative.

Considerθ ∈ ΘK , θi = (ti, A(ti)), i = 1, . . . ,K, 0 = t1 < · · · < tK = 1, for a strictly
convex dependence functionA. We can concentrate our search forϕ having the form:

ϕ(t) =

K−1∑

i=1

1[ti,ti+1](t)

[
ci1ψ1

(
ki1

(
t− ti

ti+1 − ti

)2)
+ ci2ψ2

(
ki2

(
t− ti+1

ti+1 − ti

)2)]

with ci1 , ci2 , ki1 , ki2 ≥ 0 andψ1, ψ2 nondecreasing, convex, twice continuously differentiable,
with ψ1(0) = 0 = ψ2(0). We must now find values ofci1 , ci2 , ki1 andki2 such thatϕ satisfies
the above conditions. On every interval[ti, ti+1], we must solve:

yi = ci2ψ2(ki2),

yi+1 = ci1ψ1(ki1),

αi =
2ci2ki2

ti+1 − ti
ψ′

2(ki2),

βi =
2ci1ki1

ti+1 − ti
ψ′

1(ki1),

whereαi, βi ≥ 0, i = 1, . . . ,K−1, are chosen so thatϕ is continuously differentiable over[0, 1].
Since the convexity and differentiability conditions are invariant with respect to the addition of
straight lines, we can assume, without loosing any generality, that yi+1 = yi for every i =
1, . . . ,K − 1. Thus, usingϕ of this form, satisfying the conditions in order to obtain a density is
equivalent to solving

ci2ψ2(ki2) = ci1ψ1(ki1), (5)

with

ci1 = βi
ti+1 − ti

2ki1ψ
′
1(ki1)

and ci2 = αi
ti+1 − ti

2ki2ψ
′
2(ki2)

.

This equation has one degree of freedom. An interesting question at this stage is: what are the
functionsψ1 andψ2, nondecreasing, convex, twice continuously differentiable, with ψ1(0) =
0 = ψ2(0) that make equation (5) easily solvable forki1 andki2? Good candidates areψ1( · ) =
exp( · ) − 1 = ψ2( · ), which implies solving

βi
1 − exp(−ki1)

ki1

= αi
1 − exp(−ki2)

ki2

.

In order forki1 andki2 to be nonnegative, we solve

1 − exp(−ki1)

ki1

=
αiρi

αi + βi
and

1 − exp(−ki2)

ki2

=
βiρi

αi + βi
, (6)

whereρi ∈ (0, 1) is arbitrary and can be chosen to control for numerical precision when solv-
ing (6) with eitherαi/(αi + βi) or βi/(αi + βi) very small.

B. Reversible jumps algorithm.The algorithm described here generates a transdimensional
Markov chain for computing the Bayesian estimator.

Let θ ∈ ΘK , θi = (ti, A(ti)), i = 1, . . . ,K, 0 = t1 < · · · < tK = 1, for a strictly convex
dependence functionA. Wheni = 2, . . . ,K−1, the individual interpolation pointsθi are called
interior interpolation points.
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LetL andU respectively be the lower and upper bounds for the number of knots. Recall the
parameter space is

Λ =

U⋃

K=L

{K} × ΛK ,

and eachϕ ∈ Λ is constructed fromθ ∈ ΘK , for someK. Thus, the prior distribution is specified
on

Θ =

U⋃

K=L

{K} × ΘK .

Let πθ( · ) = πθ( · |K)πK( · ) be the prior distribution forθ. Here, πK ∝ 1{L,...,U} and
πθ( · |K) ∝ 1ΘK

. For every interior interpolation pointθi, let θ(−i) be the set ofK − 1 in-
terpolation points obtained after deletingθi. The interior interpolation pointθi is represented
by C in Figure 7. According to the prior model, the full conditional πθi

( · | θ(−i)) is uniformly
distributed over the triangleBFD in Figure 7, that is

πθi
( · | θ(−i)) ∼ U(∆BFD). (7)

FIGURE 7: Selection of the proposal interpolation point.

We consider three types of moves: (i) the displacement of an interior interpolation point,
(ii) the insertion of a new interior interpolation point, and (iii) the deletion of an interior inter-
polation point, with probabilities of making such moves depending on the current number of
knots. More precisely, given a current set ofK knots, select movem with probabilitypm

K , where
p1

K = 1/3, p2
K andp3

K depend linearly onK with p3
L = 0, p2

U = 0 andp2
K + p3

K = 2/3.
Let q1( · | θ) be the density for proposing a new set of interpolation points to enter the Markov

chain in the case of a displacement move corresponding to thefollowing: first, we selectθi

amongst{θ2, . . . , θK−1} using a discrete uniform distribution. Then we replaceθi according to
πθi

( · | θ(−i)) as in (7).
Let q2( · | θ) be the density for proposing a new set of interpolation points to enter the Markov

chain in the case of an insertion move corresponding to the following: first, we determine the
location of the new knot by selectingi ∈ {1, . . . ,K − 1}, using a discrete uniform distribution
(the new knot will be in the interval[ti, ti+1]). Then, we create the new interior interpolation
point according to (7). This givesK + 1 relabeled interpolation points.

Finally, letw = (u1, v1), . . . , (un, vn) be a sample andL(θ |w) be the likelihood. At each
iteration, a transition is made according to the following:

1. if move 1 is selected:

1.1 generate θproposal from q1( · | θ
current)
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1.2 take θnew =






θproposal with probability α(θcurrent, θproposal)

θcurrent with probability 1 − α(θcurrent, θproposal)

where α(θcurrent, θproposal) = min

{
1,
L(θproposal |w)

L(θcurrent |w)

}

2. if move 2 is selected:

2.1 generate θproposal from q2( · | θ
current)

2.2 take θnew =






θproposal with probability α(θcurrent, θproposal)

θcurrent with probability 1 − α(θcurrent, θproposal)

where α(θcurrent, θproposal) = min

{
1,
L(θproposal |w)p3

K+1

L(θcurrent |w)p2
K

}

3. if move 3 is selected:

3.1 choose a single interior interpolation point to delete, using a discrete

uniform distibution

3.2 take θnew =






θproposal with probability α(θcurrent, θproposal)

θcurrent with probability 1 − α(θcurrent, θproposal)

where α(θcurrent, θproposal) = min

{
1,
L(θproposal |w)p2

K−1

L(θcurrent |w)p3
K

}
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C. Klüppelberg & A. May (2006). Bivariate extreme value distributions basedon polynomial dependence
functions.Mathematical Methods in the Applied Sciences, 29, 1467–1480.

R. B. Nelsen (1999).An Introduction to Copulas. Springer, New York.

E. Passow & J. A. Roulier (1977). Monotone and convex spline interpolation. SIAM Journal of Numerical
Analysis, 14, 904–909.

J. Pickands III (1981). Multivariate extreme value distributions.Bulletin of the International Statistical
Institute49 (2), 859–878.

J. A. Tawn (1988). Bivariate extreme value theory: models and estimation. Biometrika, 75, 397–415.

S. L. Thakur (1978). Error analysis for convex separable programs: the piecewise linear approximation and
the bounds on the optimal objective value.SIAM Journal of Applied Mathematics, 34, 704–714.

J. Tiago de Oliveira (1989). Intrinsic estimation of the dependence structure for bivariate extremes.Statis-
tics & Probability Letters, 8, 213–218.

D. Zhang, M. T. Wells & P. Liang (2008). Nonparametric estimation of the dependence function for a
multivariate extreme value distribution.Journal of Multivariate Analysis, 99, 577–588.

Received 11 December 2006 Simon GUILLOTTE:simon.guillotte@gmail.com

Accepted 1 April 2008 François PERRON:perronf@dms.umontreal.ca
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