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Assume that X ¼ ðX1;…;XdÞ, dZ2 is a random vector having joint cumulative distribution
function H with continuous marginal cumulative distribution functions F1;…; Fd respec-
tively. Sklar's decomposition yields a unique copula C such that Hðx1;…; xdÞ ¼ CðF1ðx1Þ;…;

FdðxdÞÞ for all ðx1;…; xdÞARd . Here F1;…; Fd and C are the unknown parameters, the one of
interest being the copula C. We assume C to belong to the Archimedean family, that is
C ¼ Cψ , for some Archimedean generator ψ. We exploit the well known fact that such
a generator is in one-to-one correspondence with the distribution function of a nonne-
gative random variable R with no atom at zero. In order to adopt a Bayesian approach for
inference, a prior on the Archimedean family may be selected via a prior on the
cumulative distribution function F of R. A mixture of Pólya trees is proposed for F, making
the model very flexible, yet still manageable. The induced prior is concentrated on the
space of absolutely continuous d-dimensional Archimedean copulas and explicit forms for
the generator and its derivatives are available. To the best of our knowledge, others in the
literature have not yet considered such an approach. An extensive simulation study is
carried out to compare our estimator with a popular frequentist nonparametric estimator.
The results clearly indicate that if intensive computing is available, our estimator is worth
considering, especially for small samples.

& 2014 Elsevier B.V. All rights reserved.
1. Introduction

Let H be the space of multivariate cumulative distribution functions with continuous margins. Consider a random vector
X ¼ ðX1;…;XdÞ with joint cumulative distribution function (cdf) HAH, and let F1;…; Fd be the (continuous) marginal cdfs of
X1;…;Xd respectively. Now let U1 ¼ F1ðX1Þ;…;Ud ¼ FdðXdÞ, and consider the copula C given by

Cðu1;…;udÞ ¼ PðU1ru1;…;UdrudÞ; ðu1;…;udÞA ½0;1�d:

In this case, Sklar's theorem says that C is the unique copula for which H admits the representation Hðx1;…; xdÞ ¼
CðF1ðx1Þ;…; FdðxdÞÞ, ðx1;…; xdÞARd. The copula C holds the properties of the joint cdf H which are invariant with respect to
strictly increasing transformations of the margins X1;…;Xd. A d-dimensional Archimedean copula has the form

Cψ ðu1;…;udÞ ¼ ψðψ �1ðu1Þþ⋯þψ �1ðudÞÞ; u1;…;udA ½0;1�; ð1:1Þ
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where ψ is called an Archimedean generator, that is, a continuous nonincreasing function defined on ½0;1Þ, with ψð0Þ ¼ 1,
ψð1Þ ¼ 0, and ψ �1ð0Þ ¼ inffx : ψðxÞ ¼ 0g, where inf∅¼ þ1. In particular, ψ is decreasing on ½0;ψ �1ð0ÞÞ.

A characterization of Archimedean generators that yield d-dimensional copulas for some fixed dimension dZ2 was
recently established by McNeil and Nešlehová (2009). In particular, the characterization opened the door to new inferential
techniques for Archimedean copulas, and that, in the multivariate case. This has been the topic of the paper reported by
Genest et al. (2011), where a rank-based approach is developed in a frequentist setting. This approach is well justified only in
the cases d¼2 and d¼3. In short, their methodology is valid if an Archimedean copula Cψ is in one-to-one correspondence
with its Kendall distribution

KðwÞ ¼ PðWrwÞ; wA ½0;1�; ð1:2Þ

with W ¼ Cψ ðU1;…;UdÞ and ðU1;…;UdÞ distributed according to Cψ . The estimator for Cψ is constructed via the empirical
estimator for K, but for this to make sense, there must be only one Cψ associated to K. This can be shown to hold in
dimensions d¼2 and 3, but it nevertheless remains a conjecture for d43. As discussed in Embrechts and Hofert (2011),
Janssen and Duchateau (2011), Segers (2011), Tsukahara (2011) and Wang and Emura (2011), this problem is challenging and
although there is strong evidence in its favor, according to Segers (2011), nothing should be taken for granted. In the
bivariate case (d¼2), nonparametric Bayesian methodology based on this result appears in Lambert (2007), using a
polynomial splines model for the Kendall distribution K. The latter approach is interesting, but seems a bit complicated and
works only in dimension d¼2.

One objective here is to propose Bayesian nonparametric inference which does not rely on the above identifiability result,
and valid in any dimension dZ2. The Bayesian approach requires a likelihood function and so we want a prior that is
concentrated on Archimedean copulas with densities (with respect to d-dimensional Lebesgue measure). Note here in
passing that the Genest et al. (2011) estimator does not have a density due to the fact that it is constructed from the
empirical cdf of K. To compute the likelihood, we shall need to evaluate high-order derivatives of ψ. As pointed out by Genest
et al. (2011), by Embrechts and Hofert (2011), and by Hering and Stadtmüller (2012), this is not immediate mainly because of
the complexity of the resulting algebraic expressions, numerical accuracy losses or computational speed. Our main goal is to
construct a flexible prior on the generator ψ for which both its representation and its derivatives can be made explicit (in
closed form). This will make the methodology conceptually simple, easy to implement, and fast to run on a computer.
Ultimately, the approach should also give a low mean integrated squared error.

In Section 2, we select a prior on the generator ψ by exploiting the result that the latter is in one-to-one correspondence
with the distribution function of a nonnegative random variable R with no atom at zero, see McNeil and Nešlehová (2009).
In fact, if S is a random vector uniformly distributed over the standard simplex, and independent of R, then Cψ corresponds
to the survival copula of the random vector Y¼RS. The prior on (ψ) is therefore obtained by selecting a prior on the
distribution of R. To do so, we proceed as in Hanson and Johnson (2002), Branscum and Hanson (2008) and Zhao et al.
(2009), and consider a mixture of finite Pólya trees, see also Hanson (2006) and Christensen et al. (2008). Essentially, the
base (or centering) distribution of the Pólya tree is assumed to belong to a parametric family, instead of being fixed, and a
mixing distribution is selected. This has the advantage of removing the influence of a single centering distribution on the
inference. In particular, it smooths out the effect of the partition induced by the centering distribution. The particular choice
of the parametric family together with the mixing distribution plays an important role in that respect. They are also critical
for the evaluation of ψ and its derivatives. Next, in Section 3, we describe how to obtain a numerical approximation of the
Bayes estimator and discuss a way to make predictions (this being a true practical advantage over a frequentist approach for
such problems). Finally, the results of an extensive simulation study is carried out where comparisons are made with the
nonparametric estimator proposed by Genest et al. (2011). Using essentially the same simulation setup as theirs, our
estimator outperformed their estimator in every case (81 different situations in total), and the difference is quite remarkable
especially for small sample sizes.
2. The model

As in Genest et al. (2011), our model is based on the following. Consider a d-dimensional, dZ2, Archimedean copula of
the form (1.1). A characterization of Archimedean generators that yield d-dimensional copulas for some fixed dimension
dZ2 is provided via the so-called Williamson d-transform. The Williamson d-transform of a nonnegative random variable R
with cumulative distribution function F is given by

WdF xð Þ ¼ E 1� x
R

� �d�1

þ
¼
Z
ðx;1Þ

1� x
r

� �d�1
F drð Þ for all xZ0; ð2:1Þ

and the correspondence between F and WdF is one to one. It turns out that an Archimedean generator ψ yields a
d-dimensional copula Cψ via (1.1) if and only if there exists a random variable Rwith cumulative distribution function F, such
that Fð0Þ ¼ 0 and ψ ¼WdF . Let Ψd denote the space of such Archimedean generators. Here F is called the radial cumulative
distribution function associated with ψ. Important to us is the equivalence between absolute continuity of F, absolute
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continuity of ψ ðd�1Þ on ð0;1Þ, and a density for the copula Cψ . When the latter copula has a density, its expression is given by

cψ u1;…;udð Þ ¼ ψ ðdÞðψ �1ðu1Þþ⋯þψ �1ðudÞÞ
ψ 0ðψ �1ðu1ÞÞ⋯ψ 0ðψ �1ðudÞÞ

almost everywhere on ½0;1�d: ð2:2Þ

Now it is well known in the literature, see for instance Alsina et al. (2006, p.43), that both generators ψ and ~ψ yield the
same Archimedean copula if and only if ~ψ ¼ ψα with ψα : x↦ψðx=αÞ, for some α40. If ψ ¼WdF , then the corresponding radial
cumulative distribution function associated with the rescaling ψα is Fðr=αÞ, r40. It follows that for ψ ¼WdF , the copula Cψ is
identifiable with F if we further impose the restriction F � ð1=2Þ ¼ 1, where

F � ðtÞ ¼
inffr : FðrÞ40g if t ¼ 0;
inffr : FðrÞZtg if tAð0;1�;

(

again with the usual convention inf∅¼ þ1. Although this constraint is not critical for inference on the copula (or on any
other function of the generator which is invariant with respect to a change in scale) it can be of concern if one is interested
in inference on the generator itself. We shall impose it here because it is effortless to do so with our approach.
2.1. The prior

We want to select a prior on the generator ψAΨd such that the induced prior on Cψ is concentrated on the space of
absolutely continuous Archimedean copulas. As mentioned above, an Archimedean copula possesses a density with respect
to d-dimensional Lebesgue measure if and only if its radial cdf F is absolutely continuous (which is also equivalent to the
absolute continuity of ψ ðd�1Þ on ð0;1Þ). Let F be the space of such radial cdfs; it is possible to concentrate a flexible prior on
F if we consider, for instance, a mixture of Pólya trees (MPT). We say that F is distributed according to the mixture of Pólya
trees MPTðρ;G; πΘÞ if

F �
Z
Θ
PTðρ;GθÞπΘðdθÞ; ð2:3Þ

where PTðρ;GθÞ is a Pólya tree distribution with parameters ρ : N-½0;1Þ and a centering distribution Gθ belonging to some
parametric family G¼ fGθ : θAΘg. However, when implementing such a methodology, the tree is usually truncated at some
fixed level J41, making the model parametric in reality. Therefore, in practice, models are programmed using finite Pólya
trees. In an effort to be faithful to the infinite dimensional nature of theoretical Pólya trees, we shall treat J as a parameter
also. The prior model π for the radial cumulative distribution function FAF is given below by (2.6).

Pólya tree: For fixed θAΘ, we now describe the construction of the Pólya tree PTðρ;GθÞ. We give the construction for self-
containedness and we encourage the reader to see for instance Ferguson (1974), Lavine (1992, 1994), Mauldin et al. (1992),
Hanson and Johnson (2002) and the book by Hjort et al. (2010) for the theory. Here PTðρ;GθÞ is centered around a radial
cumulative distribution function Gθ , which we assume to be absolutely continuous and increasing on ½G�

θ ð0Þ;1Þ. The latter
is used to form a set of partitions Γθ ¼ fΓθ;j : jZ1g of the positive real line. More precisely, for each jZ1, let
ɛ¼ ðɛ1;…; ɛjÞAf0;1gj, take the intervals

Iɛ ¼ G�1
θ ∑

j

k ¼ 1
ɛk 2k

!
;G�1

θ ∑
j

k ¼ 1
ɛk 2kþ1=2j

!!
for all ɛAf0;1gj;

, , "

and form the partition Γθ;j ¼ fIɛ : ɛAf0;1gjg. Note that for each ɛAf0;1gj, we have Iɛ ¼ Iɛ0 [ Iɛ1. A single realization of the
Pólya tree PTðρ;GθÞ is obtained by the following process:
PT.1
Ple
of S
At the first tree level ðj¼ 1Þ, set Y0 ¼ 1=2¼ Y1.

PT.2
 At every subsequent tree level ðj41Þ, and independently from one level to another, draw a sequence fYɛ0 :

ɛ¼ ðɛ1;…; ɛj�1ÞAf0;1gj�1g of 2j�1 independent BetaðρðjÞ; ρðjÞÞ realizations and set Yɛ1 ¼ 1�Yɛ0, for every ɛAf0;1gj�1.

PT.3
 For every jZ1, and every ɛ¼ ðɛ1;…; ɛjÞAf0;1gj, set PðIɛ1⋯ɛj Þ ¼∏j

k ¼ 1Yɛ1⋯ɛk .
Let F be a (random) cdf obtained from this process, with corresponding probability distribution PF . It is well known that if
ρðjÞ ¼ j2, j41, then F is absolutely continuous with probability one. Steps PT.1 and PT.2 in the above generation of F should be
interpreted as follows. First, PF ðI0Þ ¼ Y0 ¼ 1=2 and PF ðI1Þ ¼ Y1 ¼ 1=2, so that the median of F is the same as that of the
centering distribution Gθ . Then, for each ɛAf0;1gj, jZ1, and iAf0;1g, the random deviate Yɛi represents the conditional
probability of the offspring set Iɛi given the parent set Iɛ , that is Yɛi ¼ PF ðIɛi∣IɛÞ. By independence of the random variables
Yɛ1 ;Yɛ1ɛ2 ;…;Yɛ1ɛ2⋯ɛj ; and by continuity of Gθ , we have

EðPF ðIɛÞÞ ¼ ∏
j

k ¼ 1
EðPF ðIɛ1⋯ɛk ∣Iɛ1⋯ɛk� 1 ÞÞ ¼ 1=2j ¼ PGθ

ðIɛÞ; ð2:4Þ
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where PGθ
is the probability distribution with cdf Gθ . The first term of the product ðk¼ 1Þ is understood as EðPF ðIɛ1 ÞÞ. Since

[ jZ1Γθ;j generates the Borel sets of ½G�
θ ð0Þ;1Þ, it follows from (2.4) that EðPF Þ ¼ PGθ

. In particular, for F �MPTðρ;G; πΘÞ, we
have EðFÞ ¼ EfEðF∣θÞg ¼ RΘGθ πΘðdθÞ.

Mixture of finite Pólya trees: The above describes the theoretical framework for the prior model. In practice, however, the
tree is truncated at a fixed level J41. More precisely, let F � PTðρ;GθÞ, for some θAΘ, and consider the random probabilities
PF ðIɛÞ, for all IɛAΓθ;J . We say that a random cumulative distribution function FJ is distributed according to a finite Pólya tree
PTJðρ;GθÞ if PFJ ðIɛÞ ¼ PF ðIɛÞ and PFJ ð�∣IɛÞ ¼ PGθ

ð�∣IɛÞ; for all IɛAΓθ;J . Absolute continuity of FJ is implied by that of Gθ . Now a
mixture of finite Pólya trees MPTJðρ;G; πΘÞ is the finite analog of (2.3), that is

MPTJðρ;G; πΘÞ ¼
Z
Θ
PTJðρ;GθÞπΘðdθÞ: ð2:5Þ

Finally, to make the model even more flexible, and to obtain an infinite dimensional model (as in the theoretical
framework described above), we assume the number J41 of tree levels to follow a truncated Poisson distribution
mðJÞpμJ=J!, for some μ40. Typically, μ� log2ðnÞ, where nZ1, is the sample size. The prior model π for the radial cumulative
distribution function FAF is therefore given by

π ¼ ∑
J41

MPTJðρ;G; πΘÞmðJÞ: ð2:6Þ

The centering distributions family G: For fixed J41 and θAΘ, let FJ � PTJðρ;GθÞ, where GθAG is to be specified. If R be a
radial random variable distributed according to FJ, then the generator ψθðxÞ, xZ0, is

ψθ xð Þ ¼ Eθ 1� x
R

� �d�1

þ
¼ ∑

ɛA f0;1gJ

Eθ 1�x
R

� �d�1

þ
1 RA Iɛð Þ

� �
PFJ ðIɛÞ

PFJ Iɛð Þ;

¼ ∑
ɛA f0;1gJ

Eθ 1�x
R

� �d�1

þ

�����RA Iɛ

)
PFJ Iɛð Þ;

(

¼ ∑
ɛA f0;1gJ

Eθ 1� x
S

� �d�1

þ

�����SA Iɛ

( )
PFJ Iɛð Þ; S� Gθ ;

¼ 2J ∑
ɛA f0;1gJ

Eθ 1� x
S

� �d�1

þ
1ðSA IɛÞ

� �
PFJ Iɛð Þ: ð2:7Þ

A convenient choice for the centering family is provided by G¼ fGθ : θ40g, with GθðrÞ ¼ 1�expð�rθ log 2Þ; r40, that is, a
Weibull cumulative distribution function with shape parameter θ. In fact, this choice is motivated by its simplicity, and a
random draw F from the prior has all the desired properties, in particular it has a generator ψ ¼WdF, which, together with
its derivatives, is expressed in terms of well known functions which are easy and quick to evaluate (the following
proposition gives the relevant formulas). Let Δ be the forward difference operator Δpk ¼ pkþ1�pk, and let Γðα; rÞ ¼R1
r sα�1e� s ds, αAR, r40, be the incomplete Gamma function.

Proposition 2.1. For the centering family G given above, for θ40, and for FJ � PTJðρ;GθÞ, we have

ψθ xð Þ ¼ 2J ∑
d�1

ℓ ¼ 0

d�1
θ

� �
ð�1Þℓðlog 2Þℓ=θxℓφθ;ℓ xð Þ; x40; ð2:8Þ

with

φθ;ℓðxÞ ¼ ∑
2J �1

k ¼ 0
EθfT �ℓ=θ1ðTAϕθðI θ;k \ ðx;1ÞÞgPFJ ðI θ;kÞ; T � Expð1Þ; ð2:9Þ

where I θ;k ¼ ½G�1
θ ðk=2JÞ;G�1

θ ððkþ1Þ=2JÞÞ�, for all kAf0;…;2J�1g, and ϕθðxÞ ¼ ðlog 2Þxθ , xZ0. Here (2.9) can be evaluated as

φθ;ℓ xð Þ ¼ Γ 1� ℓ
θ
;ϕθ xð Þ

� �
PFJ I θ;kx

	 
þ ∑
2J �2

k ¼ kx

Γ 1� ℓ
θ
; rθ;kþ1

� �
ΔPFJ I θ;k

	 

; ð2:10Þ

where rθ;k ¼ ϕθðG�1
θ ðk=2JÞÞ, for all kAf0;…;2J�1g, and kx ¼ ⌊2JGθðxÞc. Furthermore

ψ 0
θ xð Þ ¼ 2J d�1ð Þ ∑

d�2

ℓ ¼ 0

d�2
θ

� �
ð�1Þℓþ1ðlog 2Þðℓþ1Þ=θxℓφθ;ℓþ1 xð Þ; x40; ð2:11Þ

and

ψ ðdÞ
θ xð Þ ¼ 2J ð�1Þdðd�1Þ!

xd�1
gθ xð ÞPFJ I θ;kx

	 

; ð2:12Þ

for all xAð0;1Þ \ fG�1
θ ðk=2JÞ : k¼ 1;…;2J�1gc, where gθ ¼ G0

θ .
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Proof. See the Appendix.

Notice that expression (2.10) is easily implemented in any computing software and requires only 2J�kx calls to the
incomplete Gamma function. The copula density associated to ψθ is then straightforward to evaluate via (2.2).

As for the prior πΘ on the mixing parameter θ40, in a noninformative perspective we consider both: a flat prior
πΘðθÞp1 and the Jeffreys prior πΘðθÞp1=θ, for the shape parameter of the Weibull family. Fig. 1 illustrates both induced
priors on the λ-map, λðwÞ ¼ ψ 0

� ðψ �1ðwÞÞψ �1ðwÞ, wA ½0;1�, in the cases d¼2, d¼3 and d¼5 respectively. Here, ψ 0
� denotes

the left derivative.
Some properties of the λ-map: The λ-map is invariant with respect to a change in scale, more precisely, the λ-map of

ψα : x↦ψðx=αÞ, for some α40 and that of ψ are the same. It has been considered in Genest et al. (2011) as a point of
comparison for the copula estimator proposed therein. In dimension d¼2, it is linked with the Kendall distribution (1.2) via
KðwÞ ¼w�λðwÞ, wA ½0;1�. The next proposition gives some of its properties to help interpretability of the graphics below;
here, properties (a) and (c) are well known, and to the best of our knowledge, (b) is known only in the bivariate case. Note
that we also show (a), only because we have not found an explicit proof anywhere. It is convenient here to write
λðwÞ ¼ ϕðwÞ=ϕ0

þ ðwÞ, for all wAð0;1Þ, where ϕ¼ ψ �1, see Fig. 2.
Fig. 1. The (induced) prior on the λ-map: The shaded regions S� ½0;1� � ½�1;0� are such that PðλðwÞASwÞ ¼ 0:95 a priori for every vertical section
Sw ¼ fsA ½�1;0� : ðw; sÞASg, 0rwr1, together with the prior pointwise mean EðλðwÞÞ (full line). The dashed blue line corresponds to the λ-map of the
independence copula, the lower dashed red curve corresponds to the lower bound in part (b) of Proposition 2.2 and the upper dashed red line corresponds
to the limiting case in part (c) of Proposition 2.2. (a) Flat prior on θ in dimension d¼2. (b) Flat prior on θ in dimension d¼3. (c) Flat prior on θ in dimension
d¼5. (d) Jeffreys prior on θ in dimension d¼2. (e) Jeffreys prior on θ in dimension d¼3. (f) Jeffreys prior on θ in dimension d¼5. (For interpretation of the
references to color in this figure caption, the reader is referred to the web version of this paper.)

Fig. 2. A typical ϕ function, with its Kendall distribution KðwÞ ¼w�λðwÞ evaluated at some 0ow0o1.
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Proposition 2.2. Let ψ be the generator of a d-dimensional, dZ2, Archimedean copula C, and let λ¼ λψ be its corresponding
λ-map. We have
(a)
Pl
of
limw↑1λðwÞ ¼ 0, and �1r limw↓0λðwÞr0, with limw↓0λðwÞ ¼ 0 if and only if limw↓0ϕ
0
þ ðwÞ ¼ �1.
(b)
 ðd�1Þwð1�w�1=ðd�1ÞÞ ¼ λLdðwÞrλðwÞr0, for all wAð0;1Þ. Here λd
L

denotes the λ-map of the generator ψL
dðxÞ ¼

03ð1�xÞd�1, xZ0, of the d-dimensional Archimedean copula Cd
L
. The latter is the lower bound of the space of Archimedean

copulas and represents the Fréchet–Hoeffding lower bound when d¼2.

(c)
 The Fréchet–Hoeffding upper bound CU

d ðu1;…;udÞ ¼minfu1;…;udg is not Archimedean, however, if fCn;dg is a sequence of
d-dimensional Archimedean copulas with corresponding λ-maps fλn;dg, we have that λn;d-0 if and only if Cn;d-CU

d , as n-1.
Proof. See the Appendix.

We remark here that Charpentier and Segers (2008, Proposition 2) show an equivalence between convergence of the
λ-maps and that of the copulas in dimension 2. Since it can be verified that for all wA ð0;1Þ, we have λLdðwÞ↑w logðwÞ ¼ λΠðwÞ,
as d↑1, we get that the bivariate margins of the lower bound Cd

L
approach the bivariate independence copula Π as the

dimensions increase. Also, in view of ðbÞ, we also point out that in the bivariate case, although λ1rλ2 on ½0;1� is a sufficient
condition for C1rC2 on ½0;1�2, see Genest and MacKay (1986), it is not necessary however, see Alsina et al. (2006, p. 42).

3. Inference

Let x¼ ðx1⋯xdÞ be the matrix containing the d-dimensional observed data, that is xk ¼ ðx1k;…; xnkÞ> , k¼1,…,d, and nZ1
is the sample size. Here we assume that the marginal distributions Fi, i¼1,…,d, are known. The sample x¼ ðx1⋯xdÞ is then
transformed into u¼ ðF1ðx1Þ⋯FdðxdÞÞ, so that each column uk ¼ FkðxkÞ ¼ ðFkðx1kÞ;…; FkðxnkÞÞ> of the matrix u is an iid sample
from the uniform distribution on ð0;1Þ, for k¼1,…,d, and each row ðui1⋯uidÞ ¼ ðF1ðxi1Þ⋯FdðxidÞÞ, i¼1,…,n, is an observation
from an Archimedean copula Cψ , with (unknown) generator ψ. Note that when the marginal cumulative distribution
functions Fi are unknownwe follow Genest et al. (1995), that is, we use rescaled empirical distribution functions ðn=ðnþ1ÞÞF̂ i

as their estimates, and in this case, our methodology is empirical Bayes; otherwise, our procedure is purely Bayesian.
3.1. The Bayes estimator

Let h be a function defined on the space Ψd, and let Lðψ ∣uÞ be the likelihood of the generator. The Bayes estimator of
η¼ hðψÞ is given by

η̂ ¼ E h ψð Þ∣uð Þ ¼ EðhðψÞLðψ ∣uÞÞ
EðLðψ ∣uÞÞ ; ð3:1Þ

where the expectations on the right hand side are taken with respect to the prior model (2.6) induced on ψ. In other words,
if we let ψθ;J ¼WdFθ;J , as in (2.1), then

η̂ ¼ E½Efhðψθ;JÞLðψθ;J ∣uÞ∣θ; Jg�
E½EfLðψθ;J ∣uÞ∣θ; Jg�

;

where the inner expectations are taken with respect to the finite Pólya tree PTJðρ;GθÞ, while the outer expectation is taken
with respect to both, the mixing prior πΘ and the number of tree levels prior m. Here Lðψθ;J ∣xÞ, θ40, is computed via (2.2)
with the help of Proposition 2.1.
3.2. Numerical evaluation

Here we give a Markov chain Monte Carlo algorithm for evaluating η̂. We construct an ergodic chain for which the
sample mean converges to the Bayes estimator using a block-at-a-time Metropolis-Within Gibbs sampler, see Gamerman
and Lopes (2006) for instance. There are three types of parameters in the model: the mixing parameter, the number of tree
levels and the tree probabilities; the latter depend only on the number of tree levels, not on the mixing parameter. From
PT.2, for fixed J41, the set of free parameters of the tree is

Y ¼ ⋃
1o jr J

fYɛ0 : ɛ¼ ðɛ1;…; ɛj�1ÞAf0;1gj�1g:

The parameter space on which the chain is constructed is thus

Ξ ¼ ð0;1Þ � ⋃
J41

ðfJg � ½0;1�2J �2Þ:
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Here, for YA ½0;1�2J �2, set Yɛ1 ¼ 1�Yɛ0, for every ɛAf0;1gj�1, 1o jr J. The computation of the individual probabilities of the
tree as in PT.3, followed by (2.8), defines a mapping x from the parameter space into the set of Archimedean generators

Ξ⟶Ψd : ðθ; J;YÞ⟼x
ψθ;J :

At each iteration i¼1,…,N, we either propose a new θ while maintaining J and Y fixed or a new tree with θ held fixed.
Each move below is selected with equal probability in the case J42 but it should be disallowed to select the trim move if
J¼2.
Move 1.
Please cite th
of Statistical
Propose a new mixing parameter (random walk proposal): Draw θ0 according to the instrumental density
qðθ0∣θÞp1ðf03θ�ɛgoθ0oθþɛÞ and accept θ0 with probability

α¼ 14 Lðψθ0 ;Y ∣uÞπΘðθ0Þqðθ∣θ0Þ
Lðψθ;Y ∣uÞπΘðθÞqðθ0∣θÞ

;

where ψθ0 ;Y ¼ xðθ0; J;YÞ.

Move 2.
 Propose a new tree.

Move 2.1 Propose new probabilities (independent proposal): Select a random number kAf1;…;2J�2g of
components of Y to possibly change, the others remain fixed. Then, replace the k selected
components by drawing k deviates distributed according to their respective prior, and let
Y 0A ½0;1�2J �2 denote the resulting vector. Accept Y 0 according to the probability

α¼ 14 Lðψθ;Y 0 ∣uÞ
Lðψθ;Y ∣uÞ

;

where ψθ;Y 0 ¼ xðθ; J;Y 0Þ.
Move 2.2 Grow new tree level: Draw a sequence fYɛ0 : ɛ¼ ðɛ1;…; ɛJÞAf0;1gJg of 2J independent

BetaððJþ1Þ2; ðJþ1Þ2Þ realizations and set Yɛ1 ¼ 1�Yɛ0, for every ɛAf0;1gJ . Put Y 0 ¼ Y [ fYɛ0 :
ɛ¼ ðɛ1;…; ɛJÞAf0;1gJgA ½0;1�2J þ 1 �2 and accept Y 0 according to the probability

α¼ 14 Lðψθ;Y 0 ∣uÞmðJþ1Þ
Lðψθ;Y ∣uÞmðJÞ ;

where ψθ;Y 0 ¼ xðθ; Jþ1;Y 0Þ.
Move 2.3 Prune tree level: Take Y 0 ¼ Y\fYɛ0 : ɛ¼ ðɛ1;…; ɛJ�1ÞAf0;1gJ�1g, and accept Y 0 according to the

probability

α¼ 14 Lðψθ;Y 0 ∣uÞmðJ�1Þ
Lðψθ;Y ∣uÞmðJÞ ;

where ψθ;Y 0 ¼ xðθ; J�1;Y 0Þ.
is article as: G
Planning and
Every iteration i, 1r irN, will therefore result in a (possibly unchanged) ðθ0; J0;Y 0Þ, for which ηi ¼ hðψθ0 ;Y 0 Þ is computed.
When the algorithm is stopped, an approximation of η̂ from (3.1) is given by the sample mean ð1=NÞ∑N

i ¼ 1ηi.

3.3. Prediction

An advantage of the Bayesian approach for such problems is prediction. Suppose that a practitioner models observations,
such as financial assets for instance, using an Archimedean copula for the dependence structure. Assume that on a given day,
she is able to get information on some but not all of the assets in a portfolio and needs to make a quick decision. It may then
be of interest for her to predict the others, and that, using all the information at hand. We need the predictive density for
this. Here we point out that if the margins are unknown, then, a model on the margins may be appropriate for a legitimate
fully Bayesian approach. Proceeding nonparametrically would greatly increase the number of parameters however. To keep
things simple, we make the strong assumption here that the marginal distributions are known, once again. As above, let u be
the matrix of past information on all of the variates, and let v¼ ðvðℓÞ; vðd�ℓÞÞ represent a new observation with
vðd�ℓÞAð0;1Þd�ℓ known. Then, the predictive copula density of interest is

cðvðℓÞ∣u; vðd�ℓÞÞ ¼ cðvðℓÞ; vðd�ℓÞ∣uÞ
cðvðd�ℓÞ∣uÞ ;

where

cðvðℓÞ; vðd�ℓÞ∣uÞ ¼ Efcψ ðvðℓÞ; vðd�ℓÞÞ∣ug ¼ Efcψ ðvðℓÞ; vðd�ℓÞÞLðψ ∣uÞg
EfLðψ ∣uÞg ;
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Table 1
Clayton, Frank and Gumbel families with corresponding generators ψðwÞ, λ-map function and Kendall's tau.

Family Parameter ψðwÞ �λðwÞ τ

Clayton αAð0;1Þ ð1þwÞ�1=α wð1�wαÞ=α α=ðαþ2Þ
Frank αAð�1;1Þ αþw� logð1þeαðew�1ÞÞ

α

1�expð�αwÞ
α expð�αwÞ log

1�expð�αÞ
1�expð�αwÞ

� �
1þ4ðnD1ðαÞ�1Þ

α
Gumbel– Hougaard αA ½1;1Þ expð�w1=αÞ �w logðwÞ=α ðα�1Þ=α

nD1 is the Debeye function of order 1, D1ðαÞ ¼
R
ð0;αÞt=αðet�1Þ dt.
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and as in (3.1) the expectations on the right hand side are taken with respect to the prior model (2.6) induced on ψ. With
obvious modifications for the acceptance probabilities, together with a data proposal step for vðℓÞ, the algorithm described
above can be used for computing the mean of vðℓÞ as a predicted value.

3.4. A simulation study

Here we present the results of an extensive simulation study in order to compare our methodology with the frequentist
nonparametric estimation approach of Genest et al. (2011). The latter authors presented the results of a simulation study
consisting of only one data set from each of the families given in Table 1. Sample sizes of n¼200 and n¼1000 were
considered, together with three levels of dependence τ¼ 0:25, 0.50 and 0.75, where τ represents Kendall0s bivariate
dependence measure given by τ¼ 4EðψðRÞÞ�1.

We have chosen to mimic the simulation of Genest et al. (2011) by choosing the same copula families and the same
values of τ. Now to illustrate the performance of the estimators, we generated 500 samples in each of the above situations.
We also considered samples of sizes n¼30, n¼100 and n¼200. The case n¼1000 is feasible but would have taken much
time to obtain results due to the large number of samples that we considered here. This gives, however, a total of 81
simulation settings, and as in Genest et al. (2011) we estimate the λ-map function in each case. The measure of statistical
accuracy we consider is the mean integrated squared error (MISE) of the estimated λ-map function, that is

MISEλðλ̂Þ ¼
Z 1

0
Eðλ̂ðwÞ�λðwÞÞ2 dw: ð3:2Þ

Our simulation study was run using the Jeffreys prior πðθÞp1=θ, θ40, as the prior distribution on the mixing parameter
of the Weibull distribution with 20 000 iterations of the sampler described in the algorithm of Section 3.2.

The size of our simulation study required considerable computational power, and we are grateful to the RQCHP (see the
hyperlink below) for letting us use their computing infrastructure. The algorithm is computationally demanding mainly
because of the large number of numerical evaluations of the inverse ψ�1 of the generator ψ. This is done using a Newton–
Raphson type algorithm. The entire simulation was run on Mammouth parallèle 2 (Mp2) supercomputer https://rqchp.ca/?
pageId=1388&lang=EN&navrev=off&version=-1& using 42 Opteron AMD processors, each with 12 cores at 2.1 GHz. The
code is written in Cþþ , using Message Passing Interface (MPI) for parallelization of the simulation.

The results are shown in Figs. 3 and 4, the former gives the comparisons with Genest et al. (2011), and the latter gives the
value of the MISE as a function of sample size n. Notice that our estimator outperformed that of Genest et al. (2011) in the 81
situations considered here, giving much better results for small data sets. However, the extent to which our model
outperforms that of the latter authors is unclear, and in particular, from the increasingness of the curves in Fig. 3, it appears
to decrease as the sample size increases. We can suspect that the performances resemble asymptotically. Finally, Fig. 5
illustrates how the two estimators differ in variability and smoothness for the Gumbel–Hougaard copula in the case d¼2,
τ¼ 0:5 and n¼30. Notice that by construction, our estimator for the λ-map is absolutely continuous, while theirs is
discontinuous in dimension d¼2.

Appendix A
Proof of Proposition 2.1. Let S� Gθ , from (2.7) and the Binomial Theorem we have

ψθ xð Þ ¼ 2J ∑
2J �1

k ¼ 0
Eθ 1� x

S

� �d�1
1ðSAI θ;k \ ðx;1ÞÞ

� �
PFJ I θ;k
	 


;

¼ 2J ∑
d�1

ℓ ¼ 0

d�1
θ

� �
ð�xÞℓ ∑

2J �1

k ¼ 0
EθfS�ℓ1 SAI θ;k \ x;1ð Þ	 
gPFJ I θ;k

	 

; xZ0:

By letting T ¼ ϕθðSÞ, we have T � Expð1Þ, so that for every ℓAf0;…; d�1g and kAf0;…;2J�1g, we get

EθfS�ℓ
1ðSAI θ;k \ ðx;1ÞÞg ¼ Eθffϕ�1

θ ðTÞg�ℓ
1ðϕ�1

θ ðTÞAI θ;k \ ðx;1ÞÞg;
¼ ðlog 2Þℓ=θEθfT �ℓ=θ1ðTAϕθðI θ;k \ ðx;1ÞÞg; ðA:1Þ
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Fig. 3. Ratio of the MISE of our estimator with that of the Genest et al. (2011) estimator as a function of sample size, for Kendall's tau, τ¼ 0:25, 0.50 and
0.75, and dimensions d¼2, 3 and 5. The red, and black colors correspond respectively to the Clayton, Frank and Gumbel–Hougaard copula families. (a) d¼2,
τ¼ 0:25. (b) d¼2, τ¼ 0:50. (c) d¼2, τ¼ 0:75. (d) d¼3, τ¼ 0:25. (e) d¼3, τ¼ 0:50. (f) d¼3, τ¼ 0:75. (g) d¼5, τ¼ 0:25. (h) d¼5, τ¼ 0:50, (i) d¼5, τ¼ 0:75.
(For interpretation of the references to color in this figure caption, the reader is referred to the web version of this paper.)
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and this yields (2.8) and (2.9). From (A.1), we see that φθ;ℓð0Þ is finite if and only if ℓ=θo1, ℓ¼ 0;…;d�1. Therefore, with the
convention 0 � 1¼ 0, expression (2.8) remains valid when x¼0.
In order to evaluate φθ;ℓ, note that the interval I θ;k \ ðx;1Þ is non-empty if and only if kAfkx;…;2J�1g, kx ¼ ⌊2JGθðxÞc, and

in this case

EθfT �ℓ=θ1ðTAϕθðI θ;k \ ðx;1ÞÞg ¼ Γð1�ℓ=θ; ðrθ;k3ϕθðxÞÞ�Γð1�ℓ=θ; rθ;kþ1Þ;

where rθ;k ¼ ϕθðG�1
θ ðk=2JÞÞ, and Γð1�ℓ=θ;1Þ≔0. We can write

φθ;ℓðxÞ ¼ � ∑
2J �1

k ¼ kx

ΔΓð1�ℓ=θ; rθ;k3ϕθðxÞÞPFJ ðI θ;kÞ; ℓ¼ 0;…; d�1;

and (2.10) follows from the summation by parts formula.
Furthermore, dominated convergence implies that the r¼ 1;…; d�2 order derivatives of

ψθ xð Þ ¼ 2J ∑
2J �1

k ¼ 0
Eθ 1� x

S

� �d�1

þ
1 SAI θ;k
	 
� �

PFJ I θ;k
	 


; xZ0

can be interchanged with the expectation sign, which gives

ψ ðrÞ
θ xð Þ ¼ 2J ΓðdÞ

Γðd�rÞ ð�1Þr ∑
2J �1

k ¼ 0
Eθ S� r 1� x

S

� �d�1� r
1 SAI θ;k \ x;1ð Þ	 
� �

PFJ I θ;k
	 


; x40:
Please cite this article as: Guillotte, S., Perron, J., Inference on Archimedean copulas using mixtures of Pólya trees. Journal
of Statistical Planning and Inference (2014), http://dx.doi.org/10.1016/j.jspi.2014.01.003i

http://dx.doi.org/10.1016/j.jspi.2014.01.003
http://dx.doi.org/10.1016/j.jspi.2014.01.003
http://dx.doi.org/10.1016/j.jspi.2014.01.003


Fig. 4. MISE of our estimator as a function of sample size. The red, and black colors correspond respectively to the Clayton, Frank and Gumbel–Hougaard
copula families. (a) d¼2, τ¼ 0:25. (b) d¼2, τ¼ 0:50. (c) d¼2, τ¼ 0:75. (d) d¼3, τ¼ 0:25. (e) d¼3, τ¼ 0:50. (f) d¼3, τ¼ 0:75. (g) d¼5, τ¼ 0:25. (h) d¼5,
τ¼ 0:50. (i) d¼5, τ¼ 0:75. (For interpretation of the references to color in this figure caption, the reader is referred to the web version of this paper.)
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From this, an expansion using the Binomial Theorem as above leads to (2.11) when r¼1. Now the Fundamental Theorem of
Calculus yields

ψ ðd�1Þ
θ ðxÞ ¼ 2Jðd�1Þ!ð�1Þd�1 ∑

2J �1

k ¼ 0
EθfS1�d1ðSAI θ;k \ ðx;1ÞÞgPFJ ðI θ;kÞ; ðA:2Þ

for all xAð0;1Þ. Note here that care must be taken at the end points fG�1
θ ðk=2JÞ : k¼ 1;…;2J�1gc, where left and right

derivatives should be evaluated separately, but they both give (A.2). The latter expression is absolutely continuous (which is
consistent with the absolute continuity equivalence mentioned at the beginning of the section), and differentiating one last

time gives (2.12), which is valid for all xAð0;1Þ \ fG�1
θ ðk=2JÞ : k¼ 1;…;2J�1gc. □

Proof of Proposition 2.2.
(a)
Pl
of
First, the positivity, convexity and decreasingness of ϕ on ½0;1�, together with ϕð1Þ ¼ 0 imply

�1r ð1�wÞϕ0
þ ðwÞr�ϕðwÞo0; for all wA ½0;1Þ; ðA:3Þ

and in particular, limw↑1λðwÞ ¼ 0 and �1r limw↓0λðwÞr0. If ϕð0Þo1, then clearly limw↓0λðwÞ ¼ 0 if and only if
limw↓0ϕ

0
þ ðwÞ ¼ �1. Now in the case where ϕð0Þ ¼1, the inequality (A.3) shows that limw↓0ϕ

0
þ ðwÞ ¼ �1. In this case,

take ɛ40, and take 0owɛoɛ such that ϕðwɛÞ42ϕðɛÞ. We have ϕðwɛÞ4fð2ɛ�wɛÞ=ɛgϕðɛÞ, and so

0owɛowɛ�λ wɛð Þrwɛ�
ϕðwɛÞ

ϕðɛÞ�ϕðwɛÞ
ɛ�wɛð Þo2ɛ;

which implies that limw↓0λðwÞ ¼ 0.
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Fig. 5. 95% confidence bands (in gray) for the estimated λ-map function (in black). The upper and lower quantiles, together with the median, are in red.
Here n¼30, with the Gumbel–Hougaard copula in dimension d¼2 and τ¼ 0:5. (a) Our estimator. (b) The Genest et al. (2011) estimator. (For interpretation
of the references to color in this figure caption, the reader is referred to the web version of this paper.)
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(b)
Pl
of
The case d¼2 is immediate from (A.3). For dZ3, let ϕL
dðwÞ ¼ ðψL

dÞ�1ðwÞ ¼ 1�w1=ðd�1Þ, wA ½0;1�, and notice that λLdrλ is
equivalent to ϕL

d=ϕ being nondecreasing. Note also that all lower-dimensional margins of an Archimedean copula are
absolutely continuous, and this implies that ψ ðd�2Þ is absolutely continuous. Since ψ 0 is continuous, with ψ convex,
decreasing on ½0;ψ �1ð0ÞÞ, and since ψð1Þ ¼ 0, we have that ψ 0ðxÞo0, for all xAð0;ψ �1ð0ÞÞ, and hence
ϕ0ðwÞ ¼ 1=ψ 0ðψ �1ðwÞÞ, wAð0;1Þ, is continuous. It then follows from Alsina et al. (2006, Corollary 2.2.5) that ϕL

d=ϕ is
nondecreasing if the following function is nondecreasing:

g wð Þ≔ ϕL
d

	 
0
wð Þ=ϕ0 wð Þ ¼ � ψ 0ðϕðwÞÞ

ðd�1Þwðd�2Þ=ðd�1Þ ; wA 0;1ð Þ:

For dZ3, ψ ð2Þ
þ always exists on ð0;1Þ, see Williamson (1956) for instance. Then, Miller and Vyborny (1986, Theorem 1)

show that g is nondecreasing if g0þ Z0, on ð0;1Þ. Taking wAð0;1Þ, we have

sgnðg0þ ðwÞÞ ¼ �sgnðg0þ ðwÞ=ϕ0ðwÞÞ ¼ sgn½ðd�1Þwψ ð2Þ
þ ðϕðwÞÞ�ðd�2Þfψ 0ðϕðwÞÞg2�;

¼ �sgnff ð2Þþ ðϕðwÞÞg;
where f ¼ f ψ ¼ ϕL

d○ψ . The result follows because the latter function is shown to be concave in McNeil and Nešlehová
(2009, p. 3094) in order to show that Cd

L
is the lower bound of the space of Archimedean copulas.
(c)
 See Charpentier and Segers (2008, Section 6). □
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